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Abstract

System F is a well-known typed A-calculus with polymorphic types, which
provides a basis for polymorphic programming languages. We study an extension of
F, called F_, , that combines parametric polymorphism with subtyping.

The main focus of the paper is the equational theory of F.., which is related to
PER models and the notion of parametricity. We study some categorical properties of
the theory when restricted to closed terms, including interesting categorical
isomorphisms. We also investigate proof-theoretical properties, such as the
conservativity of typing judgments with respect to F.

We demonstrate by a set of examples how a range of constructs may be encoded
in F_, . These include record operations and subtyping hierarchies that are related to
features of object-oriented languages.

1. Introduction

System F [16] [21] is a well-known typed A-calculus with polymorphic types, which provides a
basis for polymorphic programming languages. We study an extension of F that combines
parametric polymorphism [24] with subtyping. We call this language F__,, where <: is our symbol
for the subtype relation. F_. is closely related to the language F. identified by Curien, and used
by Curien and Ghelli primarily as a test case for certain mathematical techniques [15] [10]. F is, in
turn, a fragment of the language Fun of [9]. In spite of F_,'s apparent minimality, it has become
apparent that a range of constructs may be encoded in it (or in F); these include many of the
record operations and subtyping features of [5], [8], and related work, which are connected to
operations used in object-oriented programming. We illustrate some of the power of F_. in
Section 3; see also [6].

In addition to the connections with object-oriented programming, we have found that the
study of F_, raises semantic questions of independent interest. A major concern in this paper is an
equational theory for F_, terms. The equational axioms for most systems of typed A-calculi arise
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naturally as a consequence of characterizing type connectives by adjoint situations (for example).
In addition, it is often the case that provable equality may be captured by a reduction system
obtained by orienting the equational axioms in a straightforward way. However, both of these
properties appear to fail for F_. . A simple example illustrates some of the basic issues.

A straightforward polymorphic type is V(A)A—A—A, which is commonly referred to as Bool
since in system F and related systems there are two definable elements of this type. These
elements are written as the following normal forms:

true & MA) Mx:A)My:A) x
false & MA) Mx:A)My:A)y

In F_. , however, there are two additional normal forms of type Bool. These arise because we have
a maximal type Top, which has all other types as subtypes. The main idea behind the additional
terms is that we can change the type of any argument not used in the body of a term to Top, and
still have a term of the same type (by antimonotonicity of the left operand of — with respect to
<:). This gives us the following two normal forms of type Bool.

true’ & MA) Mx:A)My:Top) x
false’ & MA) Mx:Top) My:A) y

TS

However, true and true’ are completely equivalent terms when considered at type Bool.
Specifically, for any type A, the terms true(A) and true’(A) define extensionally equal functions of
type A—>A—A. Put proof-theoretically, if we take any term a containing true with the property
that when reducing a to normal form we apply each occurrence of true to two arguments, then we
may replace any or all occurrences of true by true’ and obtain a provably equal term. For this
reason, it seems natural to consider true = true’, and similarly false = false’, even though these
terms have different normal forms. When we add these two equations to our theory, we restore
the pleasing property that Bool contains precisely two equivalence classes of normal forms.

While our initial examination of the equational theory of F_. was motivated by a vague
intuition about observable properties of normal forms, our primary guide is the PER semantics of
polymorphic A-calculus with subtyping [4] (7] [15] [23]. One relevant characteristic of PER models is
the parametric behavior of polymorphic functions. Specifically, since polymorphic functions
operate independently of their type parameter, they may be considered equivalent at all their
type instances. In F_, we can state a consequence of this notion of parametricity, namely that
whenever the two type instances have a common supertype, the terms will be equal when
considered as elements of that supertype (see the rule (Egappl2) in section 2.2). Hence the syntax of
F_. can state, at least to some extent, the semantic notion of parametricity investigated in [22], [14],
and [1). A general principle we have followed is to adopt axioms that express parametricity
properties satisfied by PER models, but not to try to explicitly capture the exact theory of PER
models [18]. This leads us to a new angle on parametricity which may prove useful in further
study, and also gives us a set of axioms that are sufficient to prove true = true’, and other
expected equations, without appearing contrived to fit these particular examples.

While F_, differs from each of the A-calculi mentioned above, several properties of F_, transfer
easily from related work. For syntactic properties we have strong normalization [15]; canonical
type derivations, coherence, minimum typing [10}; and confluence of the B-n-TopCollapse
equational theory [11]. The PER semantics follows easily from the work in [4], [7], [15], and [23].
While an alternative semantics could perhaps be developed in the style of [3] and [14], we do not
explore that possibility here.




























































