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Fo..

Drait

Thisisthe generalization of F.. to w-order, plus monotonicity.

K:=
TY
Pk(A)
II(X::K)K'
I (X::K)K'
IT-(X::K)K'

- i

op
A—A'
V(X:K)A'
AX:K)A
A(A")

X

top
Mx:A)a
a(d)
MX::K)a
aA)

Environments

InF.. & EXxA EX<A
Judgments
InF.. EFAtype = EFA:
EFA<B = EFA

Notation

A<B:K = A:Pk(B)
Note

TYY = P TY (TOp)
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Kinds

the kind of all types

the kind of all subfamilies of afamily
the kind of operators between kinds
the kind of monotonic operators

the kind of antimonotonic operators

Families (Types and Operators)

type variables

the supertype of all types
function spaces

bounded quantifications
operators

operator applications

Vaues

TY

value variables

canonical value of type Top
functions

applications

bounded type functions
type applications

InFo.. & ExA EX:K

InF@.. EFA:K

: Pry(B)
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Judgments

FE
E+ K kind
EFA:K
E-aA
EFK<:L
EFA<B: K
EFA=B K
Er-a=b: A
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Rules

FEX::Pk(A)E env
EX:Pk(A)E FX:K

(I11)
EX:KFB:L
EFAQXK:K)B @ TI(X::K)L

(I
EFB:II(X::K)L
E YK, Y<Y":KFB(Y)B(Y"):L
EFB: ITH(X:K)L

Ir-n
EF B:II(X::K)L
E, YK, Y<Y":KEFB(Y)<B(Y):L
EFB: IT-(X:K)L

(Im=<:1)
EX::KFB<:B":L

Drait

FEX:K,E env

EX:K,E' I X:K

(ITE)
EFB:II(X::K)L EFA:K
EF B(A)::L{X<A}

(*e

EFB:ITT*(X:K)L EFA:K
EFB(A) :: L{X<A}

(IT"E)

EFB:IT(X:K)L EFA:K
EF B(A) ;i L{X<A}

(IT<:E)
EFB<B:II(X:K)L EFA:K

EFAX:K)B <: A(X:K)B':: TI(X::K)L

(mt<n

EFB<B:II(X::K)L

EFB: ITH(X::K)L EFB':ITH(X:K)L

El B(A) <: B'(A) :: L{X <A}

(M*<E

EFB:ITT(X:K)L EFA<A"K

EFB<:B': IT*(X:K)L

(I1 <1
EF B<:B":II(X::K)L
EFB: IT"(X:K)L EFB':ITI(X:K)L

EF B(A) <: B(A) : L{X <A}

(I~ <:E)

EFB:IT(X:K)L EFA<A"K

EFB<:B':: IT(X:K)L

---- beta, eta
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EFB(A) <: B(A) :: L{X <A}
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3. Operator fragment

(A simplified version of the previous ruleswhere X & FV(L), etc.)

FEX<:A::K,E env
EX<A:K,E F X:K

(=1
EX::KFB:L
EFA(X:K)B:: K=L

(="
EFB:K=L

E, Y K)Y<Y"KEB(Y)<B(Y"):L
EFB: K="

="

EFB:K=L

E YK, Y<Y":KFB(Y)<B(Y):L
EFB:K=L

(=<

EX::KFB<:B":L

EFA(X:K)B <: A(X::K)B':: K=L

($+<; 1)
EFB<B::K=L
EFB::K='L EFB':K=%L
E-FB<:B': K=*L

="<1)
ErB<:B::K=L
EFB:K=L ErRB':K=1L
EFB<:B'::K=L

(betd)
E,X:KFB=B' ::L EFA=A"::K
EF(AX:K)B)(A)=B'{X <A’} i L
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FEX<A:K,E env
EX<A:KE F X<A:K

(=E)
EFB:K=L EFA:K
EFB(A):L
=*p

EFB:K=*L EFA:K
EFB(A):: L

(=8B

EFB:K=L EFA:K
EFB(A):: L

(=<B
EFB<B:: K=L ERFA:K
EFB(A)<:B'(A)::L

(:>+ < E)

EFB:K=*'L EFA<A":K
EFB(A)<:B(A):: L

(="<B

EFB:K=1L EFA<A"K
EFB(A)<:B(A)::L

(eta)
E-B=B":K=L X¢dom(E)

E- AX:K)B(X) =B’ :: K=L
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4. Lemmas

Prop
EFF:K=*L=M) EF F.:K=(L=*M)
EF F:K=*(L=*M)

Proof
EFF:K=(L=*tM)
EFF:K=(L=*M)
D EYUKY<YUKEFRY):L=tM EY:KY<YUKEFY):L="™ weaen) (=E)

EFF:K=*(L=M)

EYKY<YUKEFRY)<FKY):L=M (weken)(=*<E) D

EY KY<YUKEFRY)<KY):L=*T™M =t< EFF.:K=(L=*tM)
Er-EFF:K=HL=™M) (=*)

Prop
=12
EFB:K=L=M
E Y KY<Y'":K,Z:L,Z<Z":L FB(Y)(Z2)<:B(Y)(Z)::M
EY':K)Y<Y"K,Z"LZ<:Z":L -B(Y)2)<B(Y)(Z):M
EFB: K=tL=*M
Proof

EY'K)Y<Y"K,Z:LZ<:Z::L -B(Y)2)<B(Y)(2)::M

E YK Y<Y"KEMZ:LB(Y)2)<:MZ::L)B(Y")(Z2)::L=M
EY' K, Y<Y":KFB(Y)B(Y):L=M

EFB:K=*L=M

EY'K)Y<Y"K,Z":LZ<:Z::L FB(Y)2)<B(Y)(Z)::M
EYKY<YuKEB(Y):L=*M
EY':KEFMY<Y"K)B(Y):II(Y<Y'::K)L=*M
EY::KFB(Y):L=*tM

EFAMY":K)B(Y):K=L=*M

EFB:K=L=*M

Hence E - B :: K=*L="M by the previous proposition.
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5. Thekind NAT in F®_.

By analogy with Church numerals:
NAT kind 2 (TY=TY)= (TY=TY)

Zero:: NAT' 2 A(S:TY=TY)AZ:TY)Z
Succ :: NAT'= NAT' 2
A(N:NAT) AS:TY=TY) A(Z::TY) S(N(S)(2))

Suppose now we want Succ to be monotonic. We are forced into the following
definition, where all = are necessary:

NATkind 2 (TY=*TY) =*(TY=*TY)

Zero : NAT' 2 A(S:TY=1TY) A(Z:TY) Z
Succ:: NAT= NAT' =2
A(N:NAT) AS:TY="TY) A(Z::TY) S(N(S)(2))

It is easy to show that:
Zero : NAT
Succ :: NAT=NAT

The we can prove:
A<B:NAT D A(9)(2)<:B(9)(2)::TY for S:TY='TY,Z:TY
O AEZTY)AS)(Z) < A(Z:TY)B(S)(Z) - TY=*TY
D AS:TY=TTY)A(ZETY)A(S)(Z) <
ASTY=FTY)A(ZETY)B(S)(Z2) @ NAT
D Succ(A) <: Succ(B) :: NAT
That is, Succ:: NAT=*NAT

Morale: in order to obtain monotonic constructors, the iterator of kind NAT must be
monotonic in all positions.
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6. Pairsof typesin FO_.

PAIR kind 2 (TY=*TY=*TY) =TY
PAIRKInd & (TY=*TY=*TY) =*TY

Pair :: TY=TY=PAIR'
2 AXETY)AYETY) AZTY=TTY =1TY) Z(X)(Y)

Prop: Pair:: TY=TY =PAIR
Proof
Assume A,B::TY
Assume Y<Y': TY=>*TY=*TY
Then Y(A) < Y'(A) = TY=*TY (=*<p
ThenY(A)(B) <: Y'(A)B) :: TY (=*<p
Then (AX:TY=TTY =*TY) X(A)(B))(Y)
< (AXETY=TTY=HTY) X(A)B)(Y) = TY @)
l.e.: Pair(A)(B)(Y) <: Pair(A)(B)(Y") :: TY
Hence Pair(A)(B) :: (TY=TY =*TY)=*TY =PAIR (="
Findly A(A::TY) AB::TY) Pair(A)(B) :: TY=TY=PAIR =)
and Pair :: TY=TY=PAIR @)

Prop: Pair:: TY=TY=*PAIR
Proof
AssumeA:TY, B<:B'
Assume Wi TY =HTY =*TY)
Hence W(A)(B) <: W(A)(B) :: TY (=*<gp)
Hence (A(Z:TY="TY=*TY) Z(A)(B))(W)
< (A(ZETY=>TTY=T1TY) Z(A)(B))(W) = TY ()
l.e.: Pair(A)(B)(W) <: Pair(A)(BY)(W) :: TY
Then A(W::TY=*TY=*TY)Pair(A)(B)(W)
< AWETY =TY =*TY)Par(A)(B)(W) :: PAIR' (=<1
l.e.: Pair(A)(B) <: Pair(A)(B") :: PAIR" (n)
But Pair(A)(B),Pair(A)(B') :: PAIR (previous prop)
Hence Pair(A)(B) <: Pair(A)(B") :: PAIR  (=*<1)
Finally Pair(A) :: TY =*PAIR (=*))
and Pair :: TY=TY="PAIR (=1)®m)
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Prop: Pair:: TY=*TY =*PAIR
Proof
Assume A<A', B::TY
Assume Wi TY =*TY =+TY
Hence W(A)(B) <: W(A)B) :: TY (=*<p
Hence (A(Z::TY=*TY=*TY) Z(A)(B))(W)
< (A(Z:TY=TTY=TTY) Z(A)B))(W) = TY (p)
l.e.: Pair(A)(B)(W) <: Pair(A)(B)(W) :: TY
Then AW::TY="*TY =*TY)Pair(A)(B)(W)
< AWETY =HTY =*TY)Pair(A)(B)(W) :: PAIR' (=<1)
l.e.: Pair(A)(B) <: Pair(A")(B) :: PAIR" (0
But Pair(A)(B),Pair(A")(B) :: PAIR (previous prop)
Hence Pair(A)(B) <: Pair(A")(B) :: PAIR (=* <)
Then A(B::TY)Pair(A)(B)
< AB:TY)Par(A)(B) :: TY=PAIR (=<1)
l.e.: Pair(A) <: Pair(A") :: TY=PAIR @)
But Pair(A),Pair(A") :: TY=*PAIR (previous prop)
Hence Pair(A) <: Pair(A") :: TY=*PAIR (=*<)
Finally Pair <: Pair :: TY=*TY =*PAIR (=*))

+

Cor: If A<A',B<:B' then Pair(A)(B) <: Par(A")(B") :: PAIR
Proof From Pair :: TY=*TY=*PAIR by (=*<p

Fst:: PAIR=TY
2 A(P:PAIR) P(A(X:TY) A(Y:TY) X)

Prop: Fst:: PAIR=*TY
(If P<:P::PAIR then Fst(P)<:Fst(P))
Proof
AssumeP<: P :: PAIR
Notethat A(X::TY) A(Y:TY) X . TY=>1TY =*TY
Then P(AX:TY) A(Y::TY) X)
<PAXEZTY) A(YETY) X) i TY (=t<p
Then (A(P::PAIR) P(A(X::TY) A(Y:TY) X)(P)
< (A(P:PAIR) PIACK:TY) A(Y:TY) X)D(P) = TY ()
l.e.: Fst(P) <: Fst(P) :: TY
HenceFst :: PAIR=TTY (=*))

Snd:: PAIR=TY
2 A(P:PAIR) PACX:TY) A(Y:TY)Y)
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Prop: Snd :: PAIR=*TY
(If P<:P::PAIR then Snd(P)<:Snd(P))

Prod :: PAIR=TY
s A(P:PAIR) Fst(P)xSnd(P)

Prop: Prod:: PAIR=*TY
(If P<:P:PAIR then Prod(P) <: Prod(P) :: TY)
Proof
Assume Q<:Q"::PAIR
By hyp and previous facts: Fst(Q) <: Fst(Q"); Snd(Q) <: Snd(Q")
By monotonicity of x: Fst(Q)xSnd(Q) <: Fst(Q") xSnd(Q)
Expansion: (A(P::PAIR) Fst(P)xSnd(P))(Q)
< (A(P::PAIR) Fst(P)xSnd(P))(Q")
l.e.: Prod(Q) <: Prod(Q")
Hence Prod :: PAIR=*TY (="
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