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Orth

Orth = !c(6):(M 90( 6 )[Orth ] | M 90(− 6 )[Orth ])
M 90(θ) = R(M (θ)[ y]; 2 ) ◦ M (θ)
M (θ) = Sc( 1

2 ) ◦ R( z; θ) ◦ T( y)

6 c
M (θ) T( y) ↑y

R( z; θ) θ ↑z Sc( 1
2 ) 1

2 M 90(θ)
M (θ) XY 90�

M (θ)[ y] XY
30� Orth
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ΔA 7→ε
Δ ε A Δ = Δ :P

P Δ Δ
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M
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P ::= 0 π:P P + P P |P (νx)P P � M [P ]

π ?σx(x ) !σx(Δ) Δ =σ Δ
π

� x x Δ
� x ?σ !σ �

�
A 7→ x ?σx(x )

!σx(Δ) c x ?σx(x ) � Δ !σx(Δ)
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1# )%7 3-"# !  !"#$%&'( &#8!'-%) %) 6&%5#$$ '#&.$+ 7&-''#)A + 7 -5 &#8!'#$ '7% 6&%5#$$#$
&#8!'-"# '% ' # 38%4!8 2&!.#A0 B#*/5'-%) *#6#)*$ %) !) #"!8/!'-%) &#8!'-%) ΔA 7→ε 2&%. *!'!
Δ '% "!8/#$ ε -) ! 38%4!8 2&!.#A+ *-$5/$$#* -) @#5'-%) A0 C # &#*/5'-%) &/8#$ 2%& 6&%5#$$ '#&.$
!&# $-.68< ' # &/8#$ %2 ! 4<;"!8/#π;5!85/8/$ 7-' *!'! '#&.$ Δ0 D!'! #"!8/!'-%) -$ /$#* -) ' #
(Red Comm) !)* (Red Cmp) &/8#$0 D!'! 5%.6!&-$%)Δ =σ Δ,:P &#E/-&#$ ' # *!'! #"!8/!'-%)
ΔAg Δ,+ .#!)-)3 ' #&# -$ ! *!'! "!8/# ε $/5 ' !' ΔA 7→ε !)* Δ,A 7→ε0

 !"#$%$&# '( B#*/5'-%)
(Red Comm) ΔA 7→ε ⇒ !σx(Δ):P + P, | ?σx(y):Q + Q,A P |Q{y\ε}
(Red Cmp) ΔAg Δ, ⇒ Δ =σ Δ,:PA P
(Red Par) PA Q ⇒ P | RA Q | R
(Red Res) PA Q ⇒ (νx)PA (νx)Q
(Red ≡) P, ≡ P; PA Q; Q ≡ Q, ⇒ P,A Q,

C #&# -$ )%' -)3 $6#5-F5 -) ' #$# &/8#$ !4%/' ' # /$# %2 ' # 38%4!8 2&!.#AG ' -$ -$ $-.68<  !)*#*
%H '% ' # *!'! #"!8/!'-%) &#8!'-%)0 C #&# -$ !8$% )% &/8# 2%& 6&%5#$$ 2&!.# $ -2'-)3+M [P ]+ 7 -5 -$
 !)*8#* )#I' -) ' # $'&/5'/&!8 5%)3&/#)5# &#8!'-%)0

?) ' # $'!)*!&* J5 #.-5!8, 2%&./8!'-%) KLM %2π;5!85/8/$+ ' # )% #$%# *+ $'(, #!($! &#8!'-%)  !$ ' #
&%8# %2 4&-)3-)3 !5'-%)$ J58%$# '%3#' #&, $% ' !' ' # 5%../)-5!'-%) &/8#(Red Comm) 5!) %6#&!'#
%) ' #.0 1# #I'#)* ' -$ -*#! '% 4&-)3-)3 !5'-%)$ '%3#' #& #"#) 7 #) ' #< !&# -)-'-!88< $#6!&!'#*
4< 2&!.# $ -2'$+ $% ' !' ' # $'!)*!&* (Red Comm) &/8# 5!) $'-88 %6#&!'# %) ' #.0 C #&#2%&#+
$'&/5'/&!8 5%)3&/#)5#+≡+ 5%)$-$'$ %2 ' # )%&.!8π;5!85/8/$ &/8#$ 68/$ !**-'-%)!8 &/8#$ 2%& 2&!.#
$ -2'-)3G ' # (≡ Map:::) &/8#$0 C #$# .!6 &/8#$ #$$#)'-!88< #)!48# /$ '% #&!$# 2&!.# $ -2'$ 2&%.
' # 6&%5#$$ $<)'!I !)* '% 6/$ ' #. '% ' # *!'!0 ?) ' -$ $#)$#+ 6&%5#$$ 2&!.# $ -2' M [P ] -$ !)
-88/$-%)+ %& $<)'!5'-5 $/3!&+ 2%& !π;5!85/8/$ 7-' 2&!.# $ -2' %)8< %) ' # *!'!0 N%7#"#&+ 2&!.# $ -2'
-$ -.6%&'!)' 2%& .%*/8!&-'< 4#5!/$#+ 7-' %/' -'+ 7# 7%/8*  !"# '% .%*-2< ' # 6&%5#$$ 5%*# '% !668<
' # 2&!.# '% !88 ' # *!'! -'#.$ -)*-"-*/!88<0

 !"#$%$&# )( @'&/5'/&!8 O%)3&/#)5# =)%);$'!)*!&* ≡ Map &/8#$>

(≡ Map) P ≡ P, ⇒ M [P ] ≡ M [P,]
(≡ Map Cmp) M [Δ =σ Δ,:P ] ≡ M [Δ] =σ M [Δ,]:M [P ]
(≡ Map Out ) M [!σx(Δ):P ] ≡ !σx(M [Δ]):M [P ]
(≡ Map In ) M [?σx(y):P ] ≡ ?σx(y):M [P ] (y =∈ fv σ(M ))
(≡ Map Sum) M [P + Q] ≡ M [P ] + M [Q]
(≡ Map Par ) M [P | Q] ≡ M [P ] | M [Q]
(≡ Map Res) M [(νx)P ] ≡ (νx)M [P ]
(≡ Map Comp) M [N [P ]] ≡ (M ◦ M [N ])[P ]

P!)< %' #& &/8#$ 5!) 4# *#&-"#*+ #030+ 2%& 5%../)-5!'-%) !5&%$$ 2&!.#$ $ -2'$ !' *-H#&#)' *#6' $+
!)* 2%& *!'! 5%.6!&-$%) -)$-*# ! 8%5!8 2&!.#0 ?) $/..!&<+ ' # !668-5!'-%) %2 ' # $'&/5'/&!8 5%)3&/;
#)5# &/8#$ !88%7$ /$ '% JQ!''#), ' # 8%5!8 2&!.#$ $% ' !' ' # &/8#$ %2 &#*/5'-%) 5!) 4# !668-#* *-&#5'8<0



π π

R3

GA(3)
R3

A B C
〈A; p〉 A 3 × 3

p R3

E (3) GA(3)
AT = A ! 1 R3

SE(3) E (3)
det(A) = 1

SE(3)

A A 6 A ↑x A ↑y A ↑z
A

Δ ε
A � ∈ Σ = {c; a; p; v; m}

ε ∈ V al
◦ xc ∈ V alc , V arc

◦ b ∈ V ala , R
◦ q ∈ V alp , R3 〈x; y; z〉
◦ w ∈ V alv V alp

↑: V alp → V alv ↓=↑! 1

V alv ↑ 〈x; y; z〉
◦ A ∈ V alm , {〈A; p〉 ∈ R3� 3 × R3 | A ! 1 }

Δ xc a p v M M [Δ]
a xa r f (ai) v v b (i ∈ 1::arity (f ))
p xp 6 v + p q
v xv ↑x ↑y ↑z p − p a · v v + v v × v w
M xm 〈aij ; ak〉 M ◦ M M ! 1 A (i; j; k ∈ 1::3)



 !"#$%%$% &' % (#$ )

 !"! "#$%& '()&*&" (+  !"# $%&% &#"'(, -.*'. +($% ".# /0&#$ &1)"!23, !44*"*()!5 $%&% )%*!#(
b,q,w,A, -.*'. !$# *)&#$"#4 40$*)6 7189!50# &07&"*"0"*()& $#&05"*)6 +$(% :$('#&& *)"#$!'"*(), !)4

9!$*!75#& xσ ∈ V arσ (+ !'. &($" � ∈ Σ; <.!))#5& !$# $#6!$4#4 7(". !& :0$# "#$%& !)4 9!50#&;
=!'. "#$% Δ .!& ".# !::$(:$*!"# &($" � > ".# &($" (+ ! 4!"! +$!%# &.*+" M [Δ] *& ".# &($" (+ Δ; ?.#
&07&"*"0"*() Δ{x\ε} 4*&"$*70"#& (9#$ ".# &"$0'"0$# (+ Δ, -*". 7!&# '!&#& x{x\ε} = ε, y{x\ε} = y
+($ y 6= x, !)4 ε3{x\ε} = ε3;
?.# &'!5!$ "#$%& *)'504# ".# $#!5 )0%7#$ 5*"#$!5& r , ".# 4(" :$(40'" (+ 9#'"($& v v3, 6*9*)6

".# !7*5*"1 "( %#!&0$# 4*&"!)'#& !)4 !)65#&, !)4 7!&*' +0)'"*()& f (ai), i ∈ 1::arity (f ), +($ $#!5
!$*".%#"*' !)4 "$*6()(%#"$1; ?.# :(*)" "#$%& *)'504# ".# ($*6*) @6A !)4 ".# !44*"*() (+ ! 9#'"($
"( ! :(*)"; ?.# 9#'"($ "#$%& *)'504# ".# 0)*" 9#'"($& @↑x, ↑y, ↑zA, :(*)" &07"$!'"*(), ".# 9#'"($

&:!'# (:#$!"*()& @·,+A, !)4 '$(&& :$(40'" v × v3, -.*'. 6*9#& ".# !7*5*"1 "( 6#)#$!"# (0"8(+8:5!)#
9#'"($&, "( %#!&0$# !$#!& !)4 9(50%#&, !)4 "( 4#"#'" .!)4#4)#&&;

?.# %!: "#$%& *)'504# ".# 7!&# %!: "#$%& 〈aij ; ak〉, '(%:(&*"*(), !)4 *)9#$&#; B) ".# "#$%〈aij ; ak〉
+($ i; j; k ∈ 1::3 ".# C$&" D #5#%#)"& $#:$#&#)" ! 3×3 &E0!$# %!"$*2, !)4 ".# 5!&" 3 #5#%#)"& $#:$#&#)"
! "$!)5!"*() 9#'"($; F# $#E0*$# ".# 3 × 3 %!"$*2 "( 7# *)9#$"*75#, -.*'. *& 9#$*C#4 71 ! $0)8"*%#
'.#'G (+ ".# 4#"#$%*)!)";

?.# 4!"! "#$% M [Δ] 4#&'$*7#& ! $%&% +"%'# (,-+&; H("# ".!" M [Δ] = Δ *& )(" !5-!1& "$0# #9#)

() &'!5!$&> #;6;, M [v v3] *& )(" ".# &!%# !& v v3 -.#) M 4(#& )(" :$#&#$9# 4*&"!)'#&; I#)'#, M [Δ]
4(#& )(" %#!) !::51 M "( ".# 4!"! 9!50# :$(40'#4 71 Δ> *" %#!)& (,-+& +"%'#!)4 #9!50!"# ".#
"#$% Δ *) ".# +$!%# (7"!*)#4 +$(% M !)4 '(%:(&#4 -*". ".# 65(7!5 +$!%#;

?.# #9!50!"*() $#5!"*() ΔA 7→ε, 4#&'$*7#& ".# ./' !&%&-/0 (+ ! '5(&#4 4!"! "#$% Δ "( 9!50# ε,
$#5!"*9# "( 65(7!5 +$!%# A; ?.# $#5!"*() *& ! :!$"*!5 +0)'"*() 4#C)#4 71 *)40'"*() () ".# &"$0'"0$#
(+ "#$%&; J(&" '!&#& &*%:51 +(55(- ".# &"$0'"0$# (+ "#$%&> ".# G#1 $05#& !$# ".# #9!50!"*() (+ ".#

($*6*) *) ! +$!%#K 6A 7→A(〈0; 0; 0〉) @!)4 &*%*5!$51 +($ ".# 0)*" 9#'"($& 5*G# ↑x A 7→A(↑ 〈1; 0; 0〉)A, !)4
".# #9!50!"*() (+ +$!%# &.*+"K ".# 9!50# (+ M [Δ] *) +$!%# A *& 0)*E0#51 4#"#$%*)#4 !& ".# 9!50# (+

Δ *) +$!%# A ◦ B, :$(9*4#4 ".!" ".# 9!50# (+ M *) +$!%# A *& B;

L;  !"#$%% &'%$!()*+", ),- ./0+()1$,#$

F# #&"!75*&. ".# *)9!$*!)'# (+ :$('#&& 7#.!9*($ 0)4#$ '#$"!*) "$!)&+($%!"*()& (+ ".# 65(7!5

+$!%#; F# 7!&# (0$ $#&05"& () 1%"1#$ ./02"!#0.#, -.*'. *& ()# (+ ".# %(&" 6#)#$!5 )("*()& (+
:$('#&& #E0*9!5#)'# *) :$('#&& !56#7$! ML, N, OPQ !)4 6*9#& $*&# "( ! 4#C)*"*() (+ !56#7$!*' :$('#&&

#E0!"*(); R($ Sπ, -# $#5!"*9*T# #E0!"*()& "( !U)# +$!%#&, !)4 *)9#&"*6!"# .(- ".# 9!5*4*"1 (+ ".#
#E0!5*"1 '.!)6#& -.#) &.*+"*)6 +$!%#&;

V!$7#4 '()6$0#)'# *& 4#C)#4 0&*)6 7!$7& !)4 (7&#$9!"*() '()"#2"&; V!$7& *4#)"*+1 -.!" '!)

7# (7&#$9#4 71 ".# :$('#&& #)9*$()%#)"> *) (0$ '!&#, 7!$7& !$# (0":0"& () '.!))#5&; W7&#$9!"*()

'()"#2"& 4#C)# ".# :$('#&& #)9*$()%#)"K 4*X#$#)" &"$#)6".& (+ (7&#$9!"*() '!) 7# '.!$!'"#$*T#4 71

4*X#$#)" '5!&&#& (+ '()"#2"&; F# '.((&# "( (7&#$9# :$('#&&#& ()51 71 *)"#$!'"*() () '.!))#5& !)4 71

$#&"$*'"*)6 ".# *)"#$!'"*() '.!))#5&; ?.#$#+($#, -# 4( )(" !55(- (7&#$9!"*() '()"#2"& ".!" .!9# ".#

Y!9($ (+ %!)*:05!"*)6 ! -.(5# :$('#&&, 5*G# *)Z#'"*)6 ! :$('#&& *)"( ".# (7&#$9#$3& '(4#, ($ *)Z#'"*)6

! :$('#&& *)"( ! +$!%#;

 !"#$%$&# '( V!$7#4 <()6$0#)'#

◦ [) /1(#")%&-/0 ./0&#3&Γ *& 6*9#) 71K Γ ::= [] ! P |Γ ! Γ|P ! (νx)Γ, -.#$# [] ()51 (''0$& ()'#
*) Γ; ?.# :$('#&&, Γ[Q] *& ".# :$('#&& (7"!*)#4 71 $#:5!'*)6 ".# 0)*E0# [] *) Γ -*". Q;

◦ 4&"/02 5%"1 /0 xK P"x , P ≡ (νy1)::(νyn)(!x(Δ):P 3|P \) -*". x 6= y1::yn;

◦ A65%"1 /0 xK PA ⇓x , ∃P 3:PA #

� P 3 ∧ P 3 ↓x;



 !"#$%&&%& '( &!)$%

◦ A !"#$%$"&' (')"&%*#  R !" #$ A %#$&!&#'( )(*#'!+$ !, -+) #**PRQ ./0 !- P ↓x '1($ QA ⇓x2
%+$3()"(*4 !-Q ↓x '1($ PA ⇓x2 .50 !-PA P6 '1($ '1()( !" Q6 "7%1 '1#'QA 

� Q6 #$&P6RQ68 !-
QA Q6 '1($ '1()( !" P6 "7%1 '1#'PA 

� P6 #$&P6RQ62 .90 -+) #** +:"()3#'!+$ %+$'(;'"Γ8 <( 1#3(
Γ[P ] R Γ[Q]=

◦ A +",-'$ !*#.,/'#0'  A ≈!" '1( 7$!+$ +- #** A %#$&!&#'( )(*#'!+$"8 <1!%1 !" !'"(*- #$A 

%#$&!&#'( )(*#'!+$=

>$ +)&() '+ "'#'( +7) '1(+)(?"8 <( $((& 0*12"&%-%)%&3 )(*#'!+$"8 A ∝ Δ #$& A ∝ P8 %+$"')#!$!$@
'1( -)#?( A :4 # "!?A*( #$#*4"!" +- '1( 3(%'+) +A()#'+)" 7"(& !$ &#'# Δ #$& A)+%(""P= B %*+"(&
&#'# '()? !" "4#' !- !' &+(" $+' %+$'#!$ v!v6 #$&v × v6 "7:'()?"8 5/0)%$'"# !- !' &+(" $+' %+$'#!$
v × v6 "7:'()?"8 #$& ,%.%$ +'1()<!"(=

 !"#$%$&# '() C)#?( #$& D)+7A E+?A#'!:!*!'4
◦ C+) A ∈ GA(3) #$& %*+"(& &#'# '()? Δ8 <)!'( A∝Δ .A %+?A#'!:*( <!'1 Δ0 !, 

◦ !- Δ %+$'#!$"! '1($ A ∈ E (3)2
◦ !- Δ %+$'#!$"× '1($ A ∈ SE(3)2
◦ +'1()<!"(8 $+ )("')!%'!+$ +$ A=

◦ C+) @)+7AG ⊆ GA(3) #$& %*+"(& &#'# '()? Δ8 <)!'( G ∝ Δ !, ∀A ∈ G= A ∝ Δ= F)!'(
A ∝ P #$& G ∝ P !- A #$& G #)( %+?A#'!:*( <!'1 #** '1( &#'# '()?" !$ P=

G($%( <( 1#3( GA(3) ∝ Δ !?A*!(" Δ !" #H$(2 E (3) ∝ Δ !?A*!(" Δ !" I7%*!&(#$2SE(3) ∝ Δ
!?A*!(" Δ !" )!@!& .!=(=8SE(3) ∝ Δ #*<#4"0=

F( #)( $+)?#**4 !$'()("'(& +$*4 !$ (J7#'!+$" :('<(($ A)+%(""(" <!'1+7' %+?A7'(& 3#*7("2 <(
$+< )("')!%' +7) #''($'!+$ '+ "7%1 A)+%("" '()?"8 <1!%1 <( %#**2/,' '()?"=

 !"#$%$&# '') K7)( L()?"
B &#'# '()? Δ #$& A)+%("" '()? P !" A7)( !- !' &+(" $+' %+$'#!$ # 3#*7( "7:'()? ε +- "+)'

� ∈ {a; p; v; m}= F( 7"( Δ #$& P '+ &($+'( "7%1 A7)( '()?"=

L1( !$3#)!#$%( +- (J7#'!+$" :('<(($ A7)( '()?" 7$&() %()'#!$ ?#A" !" &("%)!:(& :4 # )(*#'!3!'4
'1(+)(?= L1( M(4 A)+A()'4 !" '1#' GN(J7#'!+$" #)( GN!$3#)!#$'8 ?(#$!$@ '1#' -+) # @)+7AG8 '1(
3#*!&!'4 +) !$3#*!&!'4 +- (J7#'!+$" '1#' #)( "4$'#%'!%#**4 %+?A#'!:*( <!'1 G !" $+' %1#$@(& :4G
')#$"-+)?#'!+$"=

 !"#$%$&# '*) IJ7#'!+$" #$& O#<"
B$ (J7#'!+$ !" # A#!) +- A7)( A)+%("" '()?" P 8Q 8 <)!''($ P = Q = >' !" 
◦ B GN'6/"&%*#8 -+)G ⊆ GA(3) !, G ∝ P #$& G ∝ Q 2
◦ B )"7 %# A8 -+)A ∈ GA(3) !, P A ≈ Q 2
◦ B )"7 %# G8 -+)G ⊆ GA(3) !,8 ∀A ∈ G !' !" # *#< !$ A2
◦ BN%#8",%"#&8 -+)B ∈ GA(3) !, ∀A ∈ GA(3) !' !" # *#< !$ A !, !' !" # *#< !$ B ◦ A2
◦ GN%#8",%"#&8 -+)G ⊆ GA(3) !, ∀B ∈ G !' !" BN!$3#)!#$'2
◦ 9#8",%"#& "0,*:: G8 -+)G ⊆ GA(3) !, ∀A; B ∈ G !' !" # *#< !$ B !- !' !" # *#< !$ A=

+,!&-!. '/) (')"&%8%&3

G '6/"&%*#: ",' G %#8",%"#&; "#$ <'#0' %#8",%"#& "0,*:: G=

C+) '1( '1)(( ?#!$ ')#$"-+)?#'!+$ @)+7A" +- !$'()("'8 +7) '1(+)(? 1#" '1( -+**+<!$@ %+)+**#)!(" 

◦ GA(3)N(J7#'!+$" .'1+"( $+' 7"!$@ ! +) ×0 #)( GA(3)N!$3#)!#$' '1#' !"8"4#' '6/"&%*#: ",'

%#8",%"#& /#$', ")) 1"2:=



 !"#$%%$% &' % (#$ )

◦ E (3) !"#$%&'() *%+')! ('% #)&(, ×- $.! E (3) &(/$.&$(%0 %+$% &)1 !"#$%&'( &)!'*$+(, '-&

$(.'-$'(* !(%&- $,+/&*-$&,0

◦ SE(3) !"#$%&'() *$22 !"#$%&'()1 )&(3!SE(3) &45')!) (' )6(%$3%&3 .!)%.&3%&'()- $.!SE(3) 
&(/$.&$(%0 %+$% &)1'## &)!'*$+(, '-& $(.'-$'(* !(%&- -$1$%23+%4 /'5,0

7#.%+!.1 8G !"#$%&'() $.! &(/$.&$(% $3.')) G9 3$( :! .!$; $) 8 G 2$<) $.! %+! )$4! &( $22G =.$4!)91
&( %+! )$4! )!()! %+$% '(! )$6) %+$% 8%+! 2$<) '= 5+6)&3) $.! %+! )$4! &( $22 &(!.%&$2 =.$4!)9> ?+#)
<! ':%$&(0

◦ @A(! 2$<) $.! %+! )$4! &( $22 =.$4!)>
◦ B#32&;!$( 2$<) $.! )$4! &( $22 B#32&;!$( =.$4!)>
◦ 6## #'7, '-& *8& ,'/& $( '## -$1$% 3+%4 9-'/&,>

7'. !C$452!1 %+! B#32&;!$( !"#$%&'( (↑x  ↑x= 1:P ) = P &) $ 2$< &( %+!I *&;!(%&%6- =.$4!1
$(; +!(3! &) $ 2$< &( $22 B#32&;!$( =.$4!)> D'.!'/!.1 %+&) !"#$%&'( 4$6 :! /$2&; '. ('% &( )'4!
&(&%&$2 =.$4! *5'))&:26 $ ('( B#32&;!$( '(! 2&E! $ )3$2&(,S(2� ↑y)-1 :#% &%) /$2&;&%6 ;'!) ('% 3+$(,!
#(;!. $(6 =#.%+!. B#32&;!$( %.$()='.4$%&'(> F'%! $2)' %+$% %+&) !"#$%&'( 3$( :! .!$; =.'4 2!=%
%' .&,+% $) )$6&(, %+$%↑x  ↑x= 1:P 3'45#%!) %' P > G!(3! !"#$%&'($2 &(/$.&$(3! &452&!) $2)'
3'45#%$%&'($2 &(/$.&$(3! *:#% %+&) '(26 ='. 3'45#%$%&'() =.'4 5#.! %!.4) %' 5#.! %!.4)1 <+!.!
$(6 /$2#! &(%.';#3!; :6 3'44#(&3$%&'( &) )#:)!"#!(%26 !2&4&($%!; :6 ;$%$ 3'45$.&)'(->

@) $ )!3'(; !C$452!1 ='. $(6 %+.!! 5'&(%) p 1q ; r 1 %+! $A(! !"#$%&'(((q −p )+(r −q ) =
(r −p ):P ) = P &) $ 2$< &( %+!I =.$4!1 $(; )' &) $ 2$< &( $22 =.$4!)H &( =$3% &% &) %+! +!$; %' %$&2
$C&'4 '= $A(! )5$3!>

@) $ %+&.; !C$452!1 ='. $(6 5'&(%p 1 %+! !"#$%&'((p = 6:P ) = P &) &(/$.&$(% #(;!. $22
%.$()2$%&'() *:!3$#)! $22 !"#$%&'() $.! &(/$.&$(% #(;!. .&,&; :';6 4$5)-H +!(3!1 %+! 3'45$.&)'(
p = 6 ,&/!) %+! )$4! .!)#2% #(;!. $22 %.$()2$%&'()1 $(; 3$(('% :! #)!; %' %!)% %+! %.#! /$2#! '=
%+! '.&,&( (' 4$%%!. +'< p &) !C5.!))!;1 $) 2'(, $) &% &) $ 5#.! %!.4>

I>  !"#$%&'!"&

J! +$/! &(%.';#3!; K π1 $( !C%!()&'( '= %+!π 3$23#2#) :$)!; '( $A(! ,!'4!%.61 %' ;!)3.&:! %+!
3'(3#..!(% !/'2#%&'( '= ,!'4!%.&3 )%.#3%#.!) &( KL )5$3!> J! +$/! 5.'/!( $ .!2$%&/&%6 %+!'.!4
)%$%&(, %+$% $22 $2,!:.$&3 !"#$%&'() $.! &(/$.&$(% #(;!. $22 .&,&; :';6 %.$()='.4$%&'() *.'%$%&'()
$(; %.$()2$%&'()1 ('% .!M!3%&'()-1 &4526&(, %+$% (' 5#.! 5.'3!)) 3$( ':)!./! %+! 2'3$%&'( '= %+!
'.&,&(1 ('. %+! '.&!(%$%&'( '= %+! :$)&) /!3%'.) &( %+! ,2':$2 =.$4!> D'.!'/!.1 5.'3!))!) %+$% ;'
('% 5!.='.4 $:)'2#%! 4!$)#.!4!(%) */&$  $(; ×- $.! &(/$.&$(% #(;!. $22 $A(! %.$()='.4$%&'()1
4!$(&(, %+$% %+!6 $.! $2)' #($:2! %' ':)!./! %+! )&N! '= %+! :$)&) /!3%'.) $(; %+! $(,2!) :!%<!!(
%+!4> 7&($2261 5.'3!))!) %+$% #)! :#% ('% × $.! &(/$.&$(% #(;!. $22 %+! &)'4!%.&!)1 4!$(&(,
%+$% %+!6 3$(('% ':)!./! <+!%+!. %+!6 +$/! :!!( .!M!3%!;> ?+!.!='.!1 %+!)! .!)#2%) ;!)3.&:! %+!
!C%!(% %' <+&3+ $ 5.'3!)) 3$( ':)!./! &%) ,!'4!%.&3 =.$4!1 $(; ;!)3.&:! %+! :!+$/&'. '= $ 5.'3!))
&( ;&O!.!(% ,!'4!%.&3 =.$4!)>

()*)+)"#)&

 !" #$ %&''() #$ %*+,*-$ ./& 0/&1234- 5678'438 943/2:&$ ;'*3$ ;<;=>?@) ?!A@B$
 C" =$ 04',&--2) 5$D$ #*',*:$ 9*62-& 5162&:87$ ./&*'&8234- 0*1E+8&' F32&:3&) FE&324- G77+& *: 0**',2:482*:) D$

=& 9H84(&' I,28*'$ J*- CBKL!) M+:& CKKK$ EE !NNAC!O$
 O" P$F$9$ 0*Q&8&') G:8'*,+382*: 8* R&*1&8'() S2-&() !@T!$
 B" 0 U*+':&8) # #*:8/2&'$ 5 P2&'4'3/( *V IW+2X4-&:3&7 V*' 57(:3/'*:*+7 04-3+-2$ ;'*3$ CY8/ G05=;$ =Z0F !BBO)

?BBA?YY$ FE'2:R&' !@@?$



 ! "#$%&''&' () '"*%&

 !" #$ %&''()*$ %)+,)-*(. /)-0+12 &31 455'(.&-(+32 6+* 7+,58-)* 9.()3.) &31 :3;(3))*(3;$ 95*(3;)*< =>>?$

 @" /$ A)33)22B$ 4 C(2-*(D8-)1 E(F7&'.8'82$ 7&,D*(1;) G3(H)*2(-B E*)22< =>>I$

 I" J$ A+31&< K$ L+20(1&$ M3 N)18.-(+3FO&2)1 E*+.)22 9),&3-(.2$ P0)+*)-(.&' 7+,58-)* 9.()3.)< ?!=Q=R< 55$

STIFSU@< ?VV!$

 U" /$ #+03< N$ :W&'1< 4$/$ G0*,&.0)*$ 4 95&-(&' :X-)32(+3 -+ -0)  7&'.8'82$ :').-*+3(. K+-)2 (3 P0)+*)-(.&'

7+,58-)* 9.()3.)< ?VSQTR ?TTF?SU< :'2)H()*< =>>U$

 V" N$#$ /)-Y;)*< M$C$ J')(3< %$N$ /&*-(3< /$4$ J*&23+W$ P0) D*&3.0(3; 5*+;*&,,) +6 ,+82) '83; 1)H)'+5,)3-$

K&-8*) S!TQ!R< #83) =>>U$

 ?>" N$ /('3)*$ 7+,,83(.&-(3; &31 /+D(') 9B2-),2Z P0) 5(F7&'.8'82$ 7GE< ?VVV$

 ??" N$ /('3)*< C$ 9&3;(+*;($ O&*D)1 O(2(,8'&-(+3$ [3 E*+.$ ?VF-0) [3-)*3&-(+3&' 7+''+\8(8, +3 48-+,&-&< ]&3;8&;)2

&31 E*+;*&,,(3; Q[74]E ^V=R< ]K79 @=T< 95*(3;)*< ?VV=$

 ?=" E$ E*82(3_()W(.Y< 4$ ](31)3,&B)*$ P0) 4';+*(-0,(. O)&8-B +6 E'&3-2$ 95*(3;)*< ?VV?$

 !  !!"#$%&  ' (")*"+,-

 !"!  !"#$% &'("!) (*+ ,-#$.$%'/0). 1%$-')2 #  !"#$% &'("! $%&' ( )&*+ F ,- ( -&. V /,.0

$1&'(.,$2- + ∈ V × V → V 3%&4.$' (++,.,$25 (2+ · ∈ F × V → V 3-4(*(' 67*.,1*,4(.,$258 -740

.0(. (V;+) ,- (2 (9&*,(2 :'$718 /,.0 ,+&2.,.; .0& <&'$ %&4.$' =o (2+ ,2%&'-& −v8 (2+ 6$'&$%&'=

a · (v + w) = a · v + a · w8 (a+ b) · v = a · v + b· v8(a · b) · v = a · (b· v)8 (2+ 1 · v = v! >0'&&?+,6&2-,$2(*

-1(4&8 R3
8 ,- $7' 9(-,4 %&4.$' -1(4& $%&' .0& )&*+ $@ '&(*-= .0& %&4.$'- ('& .0& 1$,2.- $@ R3

8 + ,-

4$$'+,2(.&/,-& (++,.,$28 (2+· ,- 4$$'+,2(.&/,-& 67*.,1*,4(.,$2! # )*+!(% ,(' $%&' ( %&4.$' -1(4&

V ,- (2 f ∈ V → V -740 .0(. f (v + w) = f (v) + f (w) (2+ f (a · v) = a · f (v5A :'$71 (B,$6- .0&2

&2-7'& .0(. ,. 1'&-&'%&- (*-$ 72,. (2+ ,2%&'-&! Lin (V ) ,- .0& -&. $@ -740 *,2&(' 6(1-! C2 -.")*/!(+

&'("!&8 &!:! R3
8 $2& 4$2-,+&'- .0& (9,*,.; .$ ,!(&.%!! >0,- ,- (40,&%&+ 9; &B.&2+,2: .0& 72+&'*;,2:

%&4.$' -1(4& /,.0 .0& /$# '%$/."# $@ %&4.$'-8 :,%,2: .0& (9,*,.; .$ 6&(-7'& +,-.(24&- (2+ (2:*&-8 (2+

/,.0 .0& "%$&& '%$/."# $@ %&4.$'-8 :,%,2: .0& (9,*,.; .$ :&2&'(.& $7.?$@?1*(2& %&4.$'-8 .$ 6&(-7'&

('&(- (2+ %$*76&-8 (2+ .$ +&.&4. 0(2+&+2&--! D$.0 +$. (2+ 4'$-- 1'$+74. ('& *,2&(' 6(1- ,2 &(40

(':76&2.!

>0& 0!+!%() 1*+!(% 0%$.' GL (V ) ⊆ Lin (V ) $@ ( %&4.$' -1(4& V ,- .0& :'$71 $@ (** .0& (7?

.$6$'10,-6- 39,E&4.,%& *,2&(' 6(1-5 $%&' V 8 ,!&!8 ,2%&'.,9*& &*&6&2.- $@ Lin (V )! F0&2 -.7+;,2:

-79:'$71- $@ GL (V )8 ,. ,- 4$2%&2,&2. .$ 7-& *,2&(' (*:&9'( .$ '&1'&-&2. .0& :'$71 &*&6&2.-! C2

1('.,47*('8 GL (R3)8 .0& :'$71 $@ (7.$6$'10,-6- $@ .0& R3
%&4.$' -1(4&8 4(2 9& :,%&2 (- .0& :'$71

$@ ,2%&'.,9*& 3 × 3 6(.',4&- A ,2 *,2&(' (*:&9'(8 /0&'& 6(.',B 67*.,1*,4(.,$2 A · B ,- (2 $1&'(.,$2

$%&' -,<&- (n × m) × (m × n) → (m × n)! G2 6(.',4&- /& 7-& (*-$ AT
@$' .'(2-1$-,.,$28 A + B

@$' (++,.,$28 a · A @$' -4(*(' 67*.,1*,4(.,$28 (2+ A ! 1
@$' ,2%&'-&! F,.0 .0& &*&6&2.- v ∈ R3

,2.&'?

1'&.&+ (-1 × 3 34$*7625 6(.',4&-8 /& $9.(,2 .0& '&H7,'&+ *,2&(',.; 1'$1&'.,&- @'$6 *,2&(' (*:&9'(=

A ·(v+vI) = A ·v+A ·vI (2+ A ·(a·v) = a·(A ·v) @$' (2; -4(*(' a! J$.& (:(,2 .0(. $2*; .0& ,2%&'.,9*&8

,!&! 9,E&4.,%&8 6(.',4&- ('& 6&69&'- $@ GL (R3)! >0& 2'!"*() 1*+!(% 0%$.' SL(R3) ,- .0& -79:'$71

$@ 6(.',4&- /,.0 +&.&'6,2(2. 1= (- .'(2-@$'6(.,$2- .0&-& 1'&-&'%& %$*76& (2+ 0(2+&+2&--!

>0& 0!+!%() 34+! 0%$.' GA(V ) ,- .0& :'$71 $@ (4+!  !"#$% ,('& $%&' V A .0&-& 6(1- ('&

1'&-&2.&+ (- 1(,'- 〈A; u〉 /0&'& A ∈ GL (V )8 (2+ /0&'& u ∈ V ,- ( .'(2-*(.,$2 %&4.$'! C2 1('.,47*('8

GA(R3) ,- .0& (K2& :'$71 $%&' .0& R3
%&4.$' -1(4&! F& 7-& 3 × 3 ,2%&'.,9*& 6(.',4&- @$' A8 /,.0

〈A; u〉(v) , A · v + u @$' (2; v ∈ R3
! L&$6&.',4(**;8 (K2& %&4.$' 6(1- .'(2-@$'6 -.'(,:0. *,2&-

,2.$ -.'(,:0. *,2&-8 (2+ 1'&-&'%& '(.,$- -740 (- 6,+1$,2.-! >0& 2'!"*() 34+! 0%$.' SA(R3) ,- .0&

-79:'$71 /,.0 6(.',4&- /,.0 +&.&'6,2(2. 1!
M$24'&.&*;8 /& /$'N (*/(;- $%&' .0& )&*+ R (2+ .0& %&4.$' -1(4& R3

8 0&24& /& (99'&%,(.& .0&-&

:'$71- (- GA(3)8 SA(3)8 GL (3)8 SL(3)!
O$' .0& 2&B. (7.$6$'10,-6- :'$71- /& 2&&+ .$ ,2%&-.,:(.& -$6& -1&4,(* 6(.',4&-! #2 $%#5$6$+()

,(#%*7 ,- ( -H7('& 6(.',B A -740 .0(. AT = A ! 1
3(2+ 0&24& A ·AT = AT ·A = id 8 (2+ (*-$ det(A) =



 !"#$%%$% &' % (#$ ))

±1 ! "## $%&'$($)*# +*&%,-./ *%.  !"#$%& $!0 ,!.!0 1%./.%2. 3,/&*)-./0 4',-' -*) 5. /..) */ 6$##$4/!

7'. 2.-&$% 3$& 1%$38-& 9$6 -$#8+) +*&%,-./ ,/ 3.:).3 */ v w , vT ·w0 *)3 v2 , v v! ;6 AT = A ! 1

4. &'.) '*2. &'*& A ·v A ·w = (A ·v)T ·(A ·w) = vT ·AT ·A ·w = vT · id ·w = vT ·w = v w! ")3 *#/$

(A ·v)2 = v2
! <,/&*)-. ,) * 2.-&$% /1*-. .=8,11.3 4,&' 3$& 1%$38-& ,/ 3.:).3 */ d(v; w) , !(v−w)2

!

>$% A $%&'$($)*#0 4. &'.) '*2. d(A ·v; A ·w) = !(A ·v−A ·w)2 = !(A ·(v−w))2 = !(v−w)2 = d(v; w)0
&'*& ,/0 A 1%./.%2./ 3,/&*)-./!

7'. '&%(")"*+, -&"./ O(3)0 /85(%$81 $6 GL (3)0 ,/ &'. (%$81 $6 , *$+&  !"#$%& $!$6 R3
0 &'*& ,/0

&'. (%$81 $6 $%&'$($)*# +*&%,-./0 4',-' -$%%./1$)3 &$ %$&*&,$)/ *)3 %.?.-&,$)/ *%$8)3 &'. $%,(,)!

"/ 4. '*2. @8/& /'$4)0 +.+5.%/ $6 O(3) 1%./.%2. 3$& 1%$38-&A A · v A · w = v w! 7'. 0/$1 +,
'&%(")"*+, -&"./ SO(3) -$)&*,)/ $)#B &'. 3,%.-& #,).*% ,/$+.&%,./0 &'*& ,/0 @8/& &'. %$&*&,$)/!

C.+5.%/ $6 SO(3) 3,/&%,58&. $2.% -%$// 1%$38-&A A · v × A · w = A · (v × w) DEFG! ;)&8,&,2.#B &'*& ,/

5.-*8/. -%$// 1%$38-& -*) +.*/8%. *%.*/ *)3 '*)3.3).//0 58& ,/ ,)/.)/,&,2. &$ ,/$+.&%,./ &'*& 3$

)$& -'*)(. '*)3.3).//!

7'. 2.1, 3$+* -&"./ E (3)0 /85(%$81 $6 GA(3)0 ,/ &'. (%$81 $6 ,/$+.&%,./ $6 R3
H ,&/ .#.+.)&/ -*)

5. (,2.) */ *I). 2.-&$% +*1/ 〈A; u〉 4'.%. A ,/ *) $%&'$($)*# +*&%,J 9* %$&*&,$) $% %.?.-&,$) *)3

u ,/ * &%*)/#*&,$) 2.-&$%! K. '*2. /..) &'*& +.+5.%/ $6 O(3) *%. ,/$+.&%,./0 58& /8-' 〈A; u〉 *%. &$$A

6$% A ∈ O(3) 4. '*2. &'*& d(〈A; u〉(v); 〈A; u〉(w)) = d(A ·v+u; A ·w+u) = !(A ·v+u−(A ·w+u))2 =
!(A · v − A · w)2 = d(v; w)! 7'*& ,/0 *## *I). 2.-&$% +*1/ 〈A; u〉 4'.%. A ,/ *) $%&'$($)*# +*&%,J

*%. *#/$ ,/$+.&%,./!

7'. /85(%$81 SE(3) $6 E (3) $6 3 &$1%  !"#$%& $!.J-#83./ %.?.-&,$)/H &'*& ,/0 &'. 3.&.%+,)*)&

$6 A +8/& 5. 1! L#.+.)&/ $6 SE(3) *%. &'.) &'. & ) 3 4"35 #"% "*! 0 1%./.%2,)( '*)3.3).// *)3

3,/&*)-./!

7'. /85(%$81 %.#*&,$) $) &'. *8&$+$%1',/+ (%$81/ 3,/-8//.3 /$ 6*% 6$%+/ * -85. /&*)3,)( $)

&'. SO(3) 2.%&.J0 4,&' GA(3) *& &'. &$1! C*1/ -$)&*,).3 ,) &'. 5$&&$+ 6*-./ $6 &'. -85. '*2. &'.

6$##$4,)( ,)&.%1%.&*&,$)A &'. 6*-. 5.#$4 E (3) 1%./.%2./ 3,/&*)-./ *)3 *)(#./H &'. 6*-. 5.#$4 SA(3)
1%./.%2./ 2$#8+./ *)3 $%,.)&*&,$)H &'. 6*-. 5.#$4 GL (3) 1%./.%2./ &'. $%,(,)! M*%,$8/ 2.%&,-./

$6 &'. -85. '$#3 &'. 5*/,- (.$+.&%,- &%*)/6$%+*&,$)/A %$&*&,$)0 &%*)/#*&,$)0 %.?.-&,$)0 /'.*%,)(0

,/$&%$1,- /-*#,)(0 *)3 2$#8+.N1%./.%2,)( /=8,/',)( 9)$)N$%&'$($)*# +*&%,-./ 4,&' det = 1 ! 7'.%.

*%. +*)B +$%. *8&$+$%1',/+ (%$81/H .!(!0 &'. (%$81 $6 18%. &%*)/#*&,$)/0 5.#$4 SE(3)0 &'. (%$81

$6 18%. %.?.-&,$)/0 5.#$4 O(3)0 *)3 &'. (%$81 $6 ,3.)&,&,./ 5.#$4 *## $6 &'.+! O$4.2.%0 &'. -85.

3.1,-&/ &'. +$/& /&83,.3 *8&$+$%1',/+ (%$81/0 *)3 * :).% /&%8-&8%. ,/ )$& ).-.//*%B 6$% &'. /&83B

$6 (.$+.&%,- ,)2*%,*)-. 1%$1.%&,./0 *& #.*/& )$& ,) &',/ 1*1.%!

K. 4$%P ,) GA(3) *)3 ,&/ /85(%$81/! >$% .J*+1#.0 4. %.(*%3 *) *I). 2.-&$% +*1 〈A; u〉 ∈
GA(3) */ * +.+5.% $6 GL (3) 4'.) u = 00 *)3 */ * +.+5.% $6 E (3) 4'.) A ,/ $%&'$($)*#0 *)3

68%&'.% */ * +.+5.% $6 O(3) 4'.) u = 0! K. :J * %.1%./.)&*&,$) $6 *I). 2.-&$% +*1/ 5*/.3 $)

#,).*% *#(.5%*!

Q!R!  !"# $%&'#( &")  !"# *&%(+ "I). (.$+.&%B ,/ ,)&8,&,2.#B &'. (.$+.&%B $6 1%$1.%&,./

,)2*%,*)& 8)3.% &%*)/#*&,$)0 %$&*&,$)0 %.?.-&,$) *)3 /&%.&-',)(! ;& -*) 5. 1%$1.%#B 6$%+8#*&.3 5B

&'. )$&,$)/ $6 *I). /1*-./ *)3 *I). +*1/ DF0 SG!

,#-"./.0" 12+ "I). /1*-./

") *I). /1*-. ,/ * &%,1#. (P; V; � ) 4'.%. P ,/ * /.& 9$6 1$,)&/ 0 V ,/ * 2.-&$% /1*-.0 *)3 � ∈
P × P → V ,/ * 68)-&,$) 4',-' -'*%*-&.%,T./ U&'. 8),=8. 2.-&$% � (p; q) 6%$+ p &$ qV! 7'. +*1 �
+8/& /*&,/6BA

9E 6$% .*-' p ∈ P 0 � p ∈ P → V = λq:� (p; q ,/ * 5,@.-&,$)H

9R &'. '.*3N&$N&*,# .=8*&,$) '$#3/A � (p; q) + � (q; r) = � (p; r)!



 ! "#$%&''&' () '"*%&

 !"#$%! &' ()*+ P #,- V #.! /%&0&.12/"+ 3$4 42!.! /% ,& "#,&,/"#5 /%&0&.12/%06 72! 8!"4&.
� (p; q) /% %&0!4/0!% "#55!- 42! 1&/,4 -/9!.!,"!+ :./44!, q . p6 ;! #5%& -!<,! 8!"4&.=1&/,4 #--/4/&,
#%u ∈ V × P → P = λv; p:� ! 1

p (v) (:2/"2 /% #  !"#$ %&'(") &' (V;+) &, P*6 72! %*)+ ,$%&+

"- -!++ .+&'"!, &8!. P /% # "#,&,/"#5 #>,! %1#"! "&,%4.$"4!- &8!. # %!4 &' 1&/,4%P 42#4 /% #5%& #
8!"4&. %1#"!6 ?4 /% "&00&, 4& 4#@!V = P /, %$"2 # "&,%4.$"4/&,6 ?, &$. &1!.#4/&,#5 %!0#,4/"%+
2&:!8!.+ :! ,!!- 4& -/%4/,A$/%2 3!4:!!, 1&/,4% #,- 8!"4&.%B 2!,"! :! 4#@! '&. V # %!4 /%&0&.12/"
3$4 -/%4/,A$/%2#35! '.&0P6 ;! '&"$% &, 42! %1#"! &' '.!! 8!"4&.% &8!. 42! 1&/,4% &'R36 C&4! 42#4
R3 /% #5%& # 8!"4&. %1#"!+ :/42 42! ,$55 8!"4&. /,-/"#4!- 3D=o6

 !"#$%$&# '() 72! #>,! %1#"! &' '.!! 8!"4&.% &8!. R3

72! #>,! %1#"! &' '.!! 8!"4&.% &8!. R3 /%(R3; FV (R3); ⇑)+ :2!.!E
◦ 72! %!4 &' 1&/,4% &' 42! #>,! %1#"! /%R36
◦ F V (R3) , {=o} × R3/% # 8!"4&. %1#"! !F$/11!- :/42  #,- ×+ A/8!, 3D 42! 1.&-$"4 %4.$"4$.!6
◦ ⇑∈ R3 × R3 → F V (R3) , λ(p; q):〈=o; q− p〉6

G$H/5/#.D -!<,/4/&,% #,- 1.&1!.4/!%E

◦ ⇑p, λ(q): ⇑ (p; q)/% # 3/I!"4/&, '&. !#"2 p6
◦ q . p , ⇑ (p; q) = 〈=o; q− p〉
◦ v u p , ⇑! 1

p (v):/42 〈=o; q〉 u p = q + p
◦ ↑, ⇑/o#,- ↓, ↑! 1 #.! 5/,!#. 0#1%+ :/42 ↑ p = 〈=o; p〉+ #,- ↓ 〈=o; p〉 = p6

72! %!4{=o}×R3 "#, 3! %!!, #5%& #% 42! %!4 &' "#,&,/"#5 .!1.!%!,4#4/8!% &'-!++ .+&'"!, (!F$/8#5!,"!
"5#%%!% &' 8!"4&.% :/42 42! %#0! %/J! #,- &./!,4#4/&,*+ #,- "#, 3! !H15#/,!- #% 42! 8!"4&.% .&&4!-
#4 42! &./A/,6

/*)+ .+&'"! 0%$, &' 42! '&.0 λv:f (v) + u ∈ V → V :/42 f ∈ Lin (V ) #.! "&00&, /, 42!
5/4!.#4$.! &' #$4&0&.12/%0 A.&$1%+ #% 1.!%!,4!- /, K!"4/&, L6)6 G>,! 1&/,4 0#1% &' 42! '&.0
λq:f (q . o) u p ∈ P → P /,%4!#- #.! "&00&, /, 42! 5/4!.#4$.! &' #>,! %1#"!% MNO6 P&,'$%/,A5D+
42!D #.! 3&42 "#55!- I$%4 Q#>,! 0#1%R6  /I!"4/8! 1&/,4 #,- 8!"4&. 0#1% '&.0 A.&$1% $,-!. '$,"4/&,
"&01&%/4/&,+ /-!,4/4D+ #,- /,8!.%!+ #,- 42!%! A.&$1% #.! .!5#4!- 3D # A.&$1 /%&0&.12/%0E '&. !#"2
"2&/"! &' &./A/, o+ I$%4 5/@! 42!.! /% #, /%&0&.12/%0� o 3!4:!!, 1&/,4% P #,- 8!"4&.% V+ 42!.! /%
#5%& # A.&$1 /%&0&.12/%0ψo = λh:� o ◦ h ◦ � ! 1

o 3!4:!!, 42! A.&$1 &' 3/I!"4/8! #>,! 1&/,4 0#1%
:/42 &./A/, o+ #,- 42! A.&$1 &' 3/I!"4/8! #>,! 8!"4&. 0#1% GA(V )6 72! /%&0&.12/%0 4.#,%'&.0%
# 1&/,4 0#1 42#4 0#1% # 1&/,4p %!!, #% # 8!"4&.p . o 4& 42! 1&/,4f (p . o) u q+ /,4& # 8!"4&. 0#1
42#4 0#1% 42! 8!"4&.p . o 4& 42! 8!"4&.f (p . o) + (q . o)+ :2/"2 :2!, .&&4!- #4 42! &./A/, 5!#-% 4&
42! 1&/,4 (f (p . o) + (q . o)) u o = f (p . o) u q6 S1 4& 42/% A.&$1 /%&0&.12/%0+ :! "&,%/-!. #>,!
1&/,4 0#1% (42!, "#55!- I$%4 #>,! 0#1% /, 42! 3&-D &' 42/% 1#1!.* #% 0!03!.% &'GA(V )6

/*)+ $"()' 0%$, &8!. 42! #>,! %1#"! &' '.!! 8!"4&.% &8!. R3 #.! -!,&4!- 3D %"./14 5!44!.%
A+B+C+666 #,- #.! .!1.!%!,4!- #% 1#/.%A = 〈A; q〉6 72!D #.! #115/!- 4& 1&/,4%p 4& &34#/, 4.#,%'&.0!-
1&/,4%A · p + q+ #,- #.! !H4!,-!- 4& 8!"4&.% v =⇑ (p; q) 3D 4#@/,AA(⇑ (p; q)) =⇑ (A(p); A(q))+
:2/"2 0!#,% 42#4 A(v) = (↑ ◦A◦ ↓)(v)+ :2!.! 42! 4.#,%5#4/&, "&01&,!,4% "#,"!5E 42/% .!T!"4% 42!
'#"4 42#4 8 #.! Q'.!!R 8!"4&.%+ /,8#./#,4 $,-!. 4.#,%5#4/&,6 72!%! .$5!% '&. #115D/,A 0#1%+ #,- 42!
.$5!% '&. "&01&%/,A #,- /,8!.4/,A 0#1%+ #.! A/8!, /, U!<,/4/&, )L6

 !"#$%$&# '*) G>,! 1&/,4 0#1%

A ∈ GA(3) 0!#,% A = 〈A; p〉 :2!.! ↑ ◦A◦ ↓∈ GL (3)B 42#4 /%+det(A) 6= 06
A ∈ E (3) 0!#,% A = 〈A; p〉 :2!.! ↑ ◦A◦ ↓∈ O(3)B 42#4 /%+AT = A ! 16
A ∈ SE(3) 0!#,% A = 〈A; p〉 :2!.! ↑ ◦A◦ ↓∈ SO(3)B 42#4 /%+det(A) = 16



 !"#$%%$% &' % (#$ )*

∀q ∈ R3; ∀A ∈ GA(3): A(q) = 〈A; p〉(q) , A · q + p ∈ R3

∀v ∈ F V (R3); ∀A ∈ GA(3): A(v) = 〈A; p〉(v) , (↑ ◦A◦ ↓)(v) ∈ F V (R3)
∀A; B ∈ G  !"#$%!& %' GA(3): A ◦ B = 〈A; p〉 ◦ 〈B; q〉 , 〈A · B; A · q + p〉 ∈ G
∀A ∈ G  !"#$%!& %' GA(3): A! 1 = 〈A; p〉! 1 , 〈A ! 1; −A ! 1 · p〉 ∈ G

()  *%!+, "- .%)-, )*/) )*0 ,-1.0)0%. 2/. "- '%$3!+/)-, / / )*-%$-3 0. / #-.-$/+ )$-/)3-.) %'

)*- #$%!& %' /4.- 5-2)%$ 3/& /., /4.- &%0.) 3/& 6 /., )*-0$ $-&$- -.)/)0%. 0. )-$3 %' +0.-/$

/+#-"$/7 8%$ 2%.20 -.-  6 9- )/:- 0) *-$- / / #05-.7

;*- '%++%90.# &$%&% 0)0%. 2%++-2) /++ )*- #-%3-)$02 '/2) .--,-, 0. ;*-%$-3 <<7

 !"#"$%&%"' ()*  !"#$!%&#!'( )*+" ', *-(. /'!(# 0*/"

12 ∀p; q ∈ R3; A ∈ GA(3): A(q) . A(p) = A(q . p) ∈ F V (R3)
32 ∀v ∈ F V (R3); p ∈ R3; A ∈ GA(3): A(v) u A(p) = A(v u p) ∈ R3

42 ∀v; w ∈ F V (R3); A ∈ GA(3): A(v) + A(w) = A(v + w) ∈ F V (R3)
52 ∀a ∈ R; v ∈ F V (R3); A ∈ GA(3): a · A(v) = A(a · v) ∈ F V (R3)
62 ∀v; w ∈ F V (R3); A ∈ E (3): A(v) A(w) = v w ∈ R
72 ∀v; w ∈ F V (R3); A ∈ SE(3): A(v) × A(w) = A(v × w) ∈ F V (R3)

8$'',9 =-) A = 〈A; r 〉7 >? @-1.0)0%. ABC 0' A ∈ GA(3)6 )*-. )*- 5-2)%$ 3/& ↑ ◦A◦ ↓∈ GL (3) 0 /

+0.-/$ 3/&D 0' A ∈ E (3)6 )*-. ↑ ◦A◦ ↓∈ O(3)D /., 0' A ∈ SE(3) )*-. ↑ ◦A◦ ↓∈ SO(3)7 E-2/++ )*/)

0' f ∈ O(3F )*-. f (v) f (w) = v w6 /., 0' f ∈ SO(3) )*-. f (v) × f (w) = f (v × w) GAHI7

AF 〈A; r 〉(q) . 〈A; r 〉(p) = A · q + r . A · p + r = 〈=o;(A · q + r ) − (A · p + r )〉 J 〈=o; A · (q − p)〉 =
(↑ ◦A◦ ↓) · 〈=o; q− p〉 = 〈A; r 〉(q . p)7

<F 〈A; r 〉(〈=o; q〉) u 〈A; r 〉(p) = (↑ ◦A◦ ↓)(〈=o; q〉) u A · p + r = 〈=o; A · q〉 u A · p + r = A · (q+ p) + r =
〈A; r 〉(q + p) = 〈A; r 〉(〈=o; q〉 u pF7

HF 〈A; r 〉(〈=o; p〉) + 〈A; r 〉(〈=o; q〉) = (↑ ◦A◦ ↓)(〈=o; p〉) + (↑ ◦A◦ ↓)(〈=o; q〉) = ↑ (A · p)+ ↑ (A · q)
= ↑ (A · p + A · q) = ↑ (A · (p + q)) = (↑ ◦A◦ ↓)(〈=o; p + q〉) = (↑ ◦A◦ ↓)(〈=o; p〉 + 〈=o; q〉) =
〈A; r 〉(〈=o; p〉 + 〈=o; q〉)7

KF a·〈A; r 〉(〈=o; p〉) = a·(↑ ◦A◦ ↓)(〈=o; p〉) = a· ↑ (A ·p) = ↑ (a·A ·p) = ↑ (A ·(a·p)) = (↑ ◦A◦ ↓)(〈=o; a·p〉)
J 〈A; r 〉(a · 〈=o; p〉)7

LF 〈A; r 〉(v) 〈A; r 〉(w) = (↑ ◦A◦ ↓)(v) (↑ ◦A◦ ↓)(w) = v w  0.2- ↑ ◦A◦ ↓∈ O(3)7

BF 〈A; r 〉(v) × 〈A; r 〉(w) = (↑ ◦A◦ ↓)(v) × (↑ ◦A◦ ↓)(wF = (↑ ◦A◦ ↓)(v × w)  0.2- ↑ ◦A◦ ↓∈ SO(3)
=〈A; r 〉(v × w)7 �

 !"!#!$%!&

 !"# $% &'()*% +),-'. /01,212*% /304-). 56 /.'** 7.'82,-% 9:(42;1<*3)8 ;''=> 0?0<10;1) 0-

3--46@@AAA%'A1()-%.<,)%)82@BCD'()*@,3045%48C%E

M7 '((!$)*+ ,- .#//"&

;*- '!++ ,-1.0)0%. %' N)$!2)!$/+ O%.#$!-.2- 0 / '%++%9 C

+,-'%&%"' (.* N)$!2)!$/+ O%.#$!-.2-

(≡ Ref l ) P ≡ P
(≡ Symm) P ≡ Q ⇒ Q ≡ P
(≡ T ran) P ≡ Q; Q ≡ R ⇒ P ≡ R



 ! "#$%&''&' () '"*%&

(≡ Act) P ≡ P  ⇒ π:P ≡ π:P  

(≡ Sum) P ≡ P  ; Q ≡ Q ⇒ P + Q ≡ P  + Q 

(≡ Par) P ≡ P  ; Q ≡ Q ⇒ P | Q ≡ P  | Q 

(≡ Res) P ≡ P  ⇒ (νx)P ≡ (νx)P  

(≡ Repl) P ≡ P  ⇒ P � ≡ P  

�

(≡ Map) P ≡ P  ⇒ M [P ] ≡ M [P  ]

(≡ Map Cmp) M [Δ =σ Δ :P ] ≡ M [Δ] =σ M [Δ ]:M [P ]
(≡ Map Out ) M [!σx(Δ):P ] ≡ !σx(M [Δ]):M [P ]
(≡ Map In ) M [?σx(y):P ] ≡ ?σx(y):M [P ] (y =∈ fv σ(M ))
(≡ Map Sum) M [P + Q] ≡ M [P ] + M [Q]
(≡ Map Par ) M [P | Q] ≡ M [P ] | M [Q]
(≡ Map Res) M [(νx)P ] ≡ (νx)M [P ]
(≡ Map Comp) M [N [P ]] ≡ (M ◦ M [N ])[P ]

(≡ Sum Comm) P + Q ≡ Q + P
(≡ Sum Assoc) (P + Q) + R ≡ P + (Q + R)
(≡ Sum Zero) P + 0 ≡ P

(≡ Par Comm) P | Q ≡ Q | P
(≡ Par Assoc) (P | Q) | R ≡ P | (Q | R)
(≡ Par Zero) P | 0 ≡ P

(≡ Res Zero) (νx)0 ≡ 0
(≡ Res Sum) (νx)(P + Q) ≡ P + (νx)Q (x =∈ fv c(P))
(≡ Res Par) (νx)(P | Q) ≡ P | (νx)Q (x =∈ fv c(P))
(≡ Res Res) (νx)(νy)P ≡ (νy)(νx)P

(≡ Repl Zero) 0� ≡ 0
(≡ Repl Par) (P | Q)� ≡ P � | Q�

(≡ Repl Copy) P � ≡ P | P �

(≡ Repl Repl) P �� ≡ P �

!"# $%&'( )*#+%,)+& )-#+ ,"# .%,% -%/0#& %+# 1'-#2 '2 3#42',')2 567 8),# ,"%, ,"#+# %+# &'9'/%+

)*#+%,')2& )2 .':#+#2, .)9%'2&; <)+ #=%9*/#> + $#,?##2 +#%/&> + $#,?##2 -#(,)+&> %2. u $#,?##2

-#(,)+& %2. *)'2,&7 8),# %/&) ,"%, -#(,)+ 9%**'21 '12)+#& ,"# ,+%2&/%,')2 ()9*)2#2, p @)+ +%,"#+>

', (%2(#/& ?"#2 %**/'#. ,) ,"# #2. *)'2,& )< vAB ,"'& '& ,"# &#2&# '2 ?"'(" -#(,)+& %+# C<+## ; '2-%+'%2,

02.#+ ,+%2&/%,')27

 !"#$%$&# '() D*#+%,')2& )2 E)'2,&> F#(,)+&> %2. G%*&

〈x; y; z〉 . 〈x ; y ; z 〉 , ↑ 〈x − x ; y − y ; z − z 〉 *)'2, &0$,+%(,')2

↑ 〈x; y; z〉 u 〈x ; y ; z 〉 , 〈x + x ; y + y ; z + z 〉 *)'2, ,+%2&/%,')2

a· ↑ 〈x; y; z〉 , ↑ 〈a · x; a · y; a · z〉 -#(,)+ &(%/'21

↑ 〈x; y; z〉+ ↑ 〈x ; y ; z 〉 , ↑ 〈x + x ; y + y ; z + z 〉 -#(,)+ %..',')2

↑ 〈x; y; z〉 ↑ 〈x ; y ; z 〉 , x · x + y · y + z · z .), *+).0(,



 !"#$%%$% &' % (#$ )*

↑ 〈x; y; z〉× ↑ 〈x ; y ; z 〉 , ↑ 〈y · z − z · y ; z · x − x · z ; x · y − y · x 〉 !"#$$ %"#&'!(

〈A; p〉(q) , A · q + p %#)*( +,%%)*-
〈A; p〉(v) , (↑ ◦A◦ ↓)(v) ./!(#" +,%%)*-
〈A; p〉 ◦ 〈A ; p 〉 , 〈A · A ; A · p + p〉 +,% !#+%#$)()#*
〈A; p〉! 1 , 〈A ! 1; −A ! 1 · p〉 +,% )*./"$/

0* 1/2*)()#* 34 5/ &/2*/ (6/ "/7,()#* ΔA 7→ε8 56)!6 &/$!")9/$ (6/ !#+%'(,()#* #: , !7#$/& &,(,
(/"+ Δ (# .,7'/ ε8 "/7,()./ (# -7#9,7 :",+/ A; <6/ "/7,()#* A 7→ )$ , %,"(),7 :'*!()#*8 &/$!")9/&
)* #%/",()#*,7 $(=7/ :#" /,$/ #: )*&'!()#*; <6/ >/= "'7/ )$ (F rame Shif t )? 56/* !#+%'(,()#*
/*!#'*(/"$ , :",+/ $6):( M [Δ]8 (6/ .,7'/ #: M [Δ] )* :",+/ A )$ '*)@'/7= &/(/"+)*/& ,$ (6/ .,7'/
#: Δ )* :",+/ A ◦ B8 %"#.)&/& (6,( (6/ .,7'/ #: M )* :",+/ A )$B;

 !"#$%$&# '() A#+%'(,()#* #: !7#$/& &,(, (/"+$ )* , :",+/ A

(Scalar Real) r A 7→b ): 7)(/",7 r "/%"/$/*($ b ∈ V ala
(Scalar Arith ) aiA 7→bi ⇒ f (ai)A 7→f (bi) i ∈ 1::arity (f ) ): bi ∈ V ala8f (bi) &/2*/&
(Scalar Dot ) vA 7→w; v A 7→w ⇒ v v A 7→w w ): w; w ∈ V alv
(Point Origin ) 6A 7→A(〈0; 0; 0〉)
(Point Move) vA 7→w; pA 7→q ⇒ v + pA 7→w u q ): w ∈ V alv 8q ∈ V alp

(V ect Unitx) ↑x A 7→A(↑ 〈1; 0; 0〉)
(V ect Unity) ↑y A 7→A(↑ 〈0; 1; 0〉)
(V ect Unitz) ↑z A 7→A(↑ 〈0; 0; 1〉)
(V ect Sub) pA 7→q; p A 7→q ⇒ p − p A 7→q . q ): q; q ∈ V alp
(V ect Scale) aA 7→b; vA 7→w ⇒ a · vA 7→b · w ): b ∈ V ala8w ∈ V alv
(V ect Add) vA 7→w; v A 7→w ⇒ v + v A 7→w + w ): w; w ∈ V alv
(V ect Cross) vA 7→w; v A 7→w ⇒ v × v A 7→w × w ): w; w ∈ V alv

(Map Given ) aijA 7→bij ; akA 7→bk ⇒ 〈aij ; ak〉A 7→〈bij ; bk〉 ): bij ; bk ∈ V ala8det(bij) 6= 0
(Map Comp) M A 7→B; M  A 7→B ⇒ M ◦ M  A 7→B ◦ B ): B; B ∈ V alm
(Map Inv ) M A 7→B ⇒ M ! 1

A 7→B! 1 ): B ∈ V alm

(F rame Shif t ) M A 7→B; ΔA�B 7→ε ⇒ M [Δ]A 7→ε ): B ∈ V alm
(V alue) εA 7→ε ): ε ∈ V alm

B#$( #: (6/$/ "'7/$ /C%"/$$ , $(",)-6(:#"5,"& !#""/$%#*&/*!/ 9/(5//* (6/ $=*(,!()! #%/",()#*$
#* &,(, (/"+$ ,*& $/+,*()! #%/",()#*$ #* .,7'/$; 0( )$ /,$= (# !6/!> (6,( (/"+$ #: $#"( � !#+%'(/
(# /7/+/*($ #: V alσ; D#(/ (6,( (6/ "'7/$ (Point Origin ) ,*& (V ect Unit) +,>/ /$$/*(),7 '$/ #:
(6/ !'""/*( :",+/; <6/ "'7/$ (Scalar Arith ) ,*& (Map Given ) ,"/ %,"(),7? (6/= !,* !,'$/ E&).)&/
9= F/"# 8 EF/"# &/(/"+)*,*( 8 ,*& #(6/" /""#"$; G#5/./"8 (Map Inv ) )$ ,75,=$ &/2*/& 9/!,'$/ ):
M A 7→B8 (6/* B +'$( 9/ )*./"()97/ 9= (Map Given ); <6/ (F rame Shif t ) "'7/ 6,$ ,7"/,&= 9//*
&)$!'$$/&; <6/ (V alue) "'7/ *#"+,77= !#+/$ )*(# %7,= ,:(/" , 9=H.,7'/ $'9$()('()#* &'/ (# %"#!/$$
)*(/",!()#*? , .,7'/ (6,( 5,$ ,7"/,&= /.,7',(/& )* $#+/ :",+/ )$ *#( :'"(6/" /.,7',(/& )* (6/ !'""/*(
:",+/; B#"/#./"8 $)*!/ V alc = V arc8 (6/ (V alue) "'7/ !#./"$ ,7$# (6/ /.,7',()#* #: !6,**/7$ (#
(6/+$/7./$I (6,( )$8 xcA 7→xc ;



 ! "#$%&''&' () '"*%&

 ! "#$ %&'()*+",&! &% &)' '$-)*"- .$ +*-& '$/),'$ "#$ !&",&! &% C(Δ)0 .#,1# ,- "#$ +22*,1+",&! &%

"#$ (+2 C "& +** "#$ 3+*)$ -)4"$'(- &% Δ5

 !"#$%$&# '() 6+2 722*,1+",&! &! 8+"+

9&' C = 〈A; p〉 ∈ V alm 0 :$;!$

C(ε) , A · ε + p ,% ε ∈ V alp <&! 2&,!"-=

C(ε) , (↑ ◦A◦ ↓)(ε) ,% ε ∈ V alv <&! 3$1"&'-=

C(ε) , ε ,% ε ∈ V ala ∪ V alm ∪ V alc <&! -1+*+'-0 (+2-0 +!: 1#+!!$*-=

C<Δ= ,- "#$ "$'( &4"+,!$: 4> '$2*+1,!? +** "#$ 3+*)$ -)4"$'(- ε &% Δ .,"# C(ε)@

A#$ 1#&,1$- ,! "#,- :$;!,",&! +'$ -,(2*> $B2*+,!$: 4> $B+(2*$-@ C&!-,:$' "#$ "$'(Δ =↑ 〈1; 0; 0〉+
60 1&!"+,!,!? "#$ ;B$: 3+*)$ ↑ 〈1; 0; 0〉0 +!: "#$ '$*+",3$ &',?,! 60 .,"# '$:)1",&!- <4> (V alue) +!:

(Point Origin )=5

Δ =↑ 〈1; 0; 0〉 + 6 A 7→ ↑ 〈1; 0; 0〉 + A(〈0; 0; 0〉)
C(Δ) = C(↑ 〈1; 0; 0〉) + 6 C�A 7→ C(↑ 〈1; 0; 0〉) + (C ◦ A)(〈0; 0; 0〉)

A#+" ,-0 %&' ε =↑ 〈1; 0; 0〉 + A(〈0; 0; 0〉)0 .$ #+3$5

ΔA 7→ε +!: C(Δ)C�A 7→C(ε)

D,(,*+'*>0B[6]A 7→(A ◦ B)(〈0; 0; 0〉) +!: C(B[6]) = B[6] C�A 7→ (C ◦ A ◦ B)(〈0; 0; 0〉) = C((A ◦
B)(〈0; 0; 0〉))0 .#$'$ C(B) = B 4$1+)-$ (+2- B +'$ +''+>- &% '$+*-0 +!: *,E$ '$+*- +'$ !&" +F$1"$: 4>

(+22,!?@ A#,- -)??$-"- "#$ ?$!$'+* %&'( &% &)' !$B" "#$&'$(5C(Δ)C�A 7→ ($+!- +22*>,!? +! $B"'+

C -$2+'+"$*> "& "#$ 3+*)$- ,!-,:$ Δ 3,+ C(Δ) <.#,1# +'$ "#$! !&" (&:,;$: 4> "#$ (V alue) ')*$=0

+!: "& "#$ &"#$' "$'(- ,!-,:$ Δ 3,+ C�A 7→ @ A#$ 2'&&% &% A#$&'$( GG )-$- ?$&($"',1 %+1"- "#+" +'$

:$',3$: ,! 722$!:,B H@

*+!&,!- '')  !"#$! %&$'( )*+,- ,"& .$-$
C ∝ D; DA 7→e ⇒ C(D)C�A 7→C(e)

/&"",0 A#$ 2'&&% ,- 4> ()")+* ,!:)1",&! &! "#$ :$',3+",&! &% ΔA 7→εI "#+" ,-0 4> ,!:)1",&! &! "#$

1&!J)!1",&! &% K -"+"$($!"- %&' "#$ K -&'"- � &% Δ0 +- ?,3$! ,! "#$ K 1+-$- 4$*&.@

L#$! Δ = ε0 "#$ ε &% "#$ 3+',&)- -&'"- %+** ,!"& "#$ '$-2$1",3$ -)41+-$-@ D,!1$ +** "#$-$ -)41+-$-

+'$ #+!:*$: $/)+**>0 .$ -#&. "#$ (V alue) 1+-$ ;'-"5

Rule (V alue)5 D#&. "#+" C ∝ ε; εA 7→ε ⇒ C(ε)C�A 7→C(ε)0 %&' ε &% +!> -&'"@ A#$!0 4> (V alue)
C(Δ) = C(ε)C�A 7→C(ε)@

./0! <� = c=5 D#&. "#+" C ∝ Δ; ΔA 7→xc ⇒ C(Δ)C�A 7→xc @ A#$!0 ΔA 7→xc ,- "#$ 1&!-$/)$!" &%

M)*$ (V alue) &'5

Rule (F rame Shif t )5M A 7→B; ΔNA ◦ B 7→xc ⇒ M [ΔN]A 7→xc @ D,!1$ C ∝ M [ΔN]0 .$ #+3$ C ∝ M
+!: C ∝ ΔN@  " %&**&.- "#+" C(M )C�A 7→B +!: C(ΔN)C�A�B 7→xc <4> ,!:)1",&!=@ O$!1$ C(M [ΔN]) =
C(M )[C(ΔN)]C�A 7→xc 4> (F rame Shif t )@

./0! <� = a=5 D#&. "#+" C ∝ a; aA 7→b ⇒ C(a)C�A 7→b@ A#$! aA 7→b ,- "#$ 1&!-$/)$!" &% M)*$

(V alue) &' &!$ &% "#$ ')*$-5

Rule (Scalar Real)5 rA 7→b@ A#$!C(r ) = r C�A 7→b <4> (Scalar Real)=@

Rule (Scalar Arith )5 aiA 7→bi ⇒ f (ai)A 7→f (bi) .,"# i ∈ 1::arity (f )@ D,!1$ f (ai)A 7→f (bi) .$ E!&.

"#+" f (bi) ,- :$;!$:@ A#$! C(f (ai)) = f (C(ai))C�A 7→f (bi) <4> ,!:)1",&! +!: (Scalar Arith )=@



 !"#$%%$% &' % (#$ )*

Rule (Scalar Dot ) vA 7→w; v!A 7→w! ⇒ v v!A 7→w w!" #$%C ∈ E (3)&C(v v!) = C(v) C(v!) C�A 7→C(w) C(w!)
'() *$%+,-*.$ #$% (Scalar Dot )/ = w w! '() 01.2& 3&456/&

Rule (F rameShif t )' � = a/ M A 7→B; a!A�B 7→b ⇒ M [a!]A 7→b& 7*$,8C ∝ M [a!]" 98 :#;8 C ∝ M
#$%C ∝ a!& <- =.>>.9? -:#-C(M )C�A 7→B #$%C(a!)C�A�B 7→b '() *$%+,-*.$/& @8$,8 C(M [a!]) =
C(M )[C(a!)]C�A 7→b () (F rame Shif t )&

 !"# ' � = p/ 7:.9 -:#- C ∝ p; pA 7→q ⇒ C(p)C�A 7→C(q)& A:8$ pA 7→q *? -:8 ,.$?8B+8$- .= C+>8
(V alue) .1 .$8 .= -:8 1+>8? 

Rule (Point Origin ) 6A 7→A(〈0; 0; 0〉)& C(6) = 6C�A 7→(C ◦ A)(〈0; 0; 0〉) '() (Point Origin )/ =
C(A(〈0; 0; 0〉)/

Rule (Point Move) vA 7→w; p!A 7→q! ⇒ v + p!A 7→w u q!&C(v + p!) = C(v) + C(p!)C�A 7→C(w) u C(q!)
'() *$%+,-*.$ #$% (Point Move)/ = C(w u q!) '() 01.2& 3&456/&

Rule (F rame Shif t )' � = p/ M A 7→B; p!A�B 7→q ⇒ M [p!]A 7→q& 7*$,8C ∝ M [p!]" 98 :#;8 C ∝ M
#$%C ∝ p!& <- =.>>.9? -:#-C(M )C�A 7→B #$%C(p!)C�A�B 7→C(q) '() *$%+,-*.$/& @8$,8 C(M [p!]) =
C(M )[C(p!)]C�A 7→C(q) () (F rame Shif t )&

 !"# ' � = v/ 7:.9 -:#- C ∝ v; vA 7→w ⇒ C(v)C�A 7→C(w)& A:8$ vA 7→w *? -:8 ,.$?8B+8$- .= C+>8
(V alue) .1 .$8 .= -:8 1+>8? 

Rule (V ect Unit) ↑x A 7→A(〈1; 0; 0〉)& C(↑x) =↑x C�A 7→(C ◦ A)(〈1; 0; 0〉) '() (V ect Unit)/ =
C(A(〈1; 0; 0〉)/& 7*D*>#1>) =.1↑y #$%↑z&

Rule (V ect Sub) pA 7→q; p!A 7→q! ⇒ p − p!7→q . q!& C(p − p!) = C(p) − C(p!)C�A 7→C(q) . C(q!) '()
*$%+,-*.$ #$%(V ect Sub)/ = C(q . q!) '() 01.2& 3&456/&

Rule (V ect Scale) aA 7→b; v A 7→w ⇒ a · v A 7→b · w ! C(a · v ) = C(a) · C(v )C�A 7→b · C(w ) "#$
%&'()*%+& ,&'(V ect Scale)- = C(b · w ) "#$ ./+0! 1!234-!

Rule (V ect Add)5 v A 7→w ; v6A 7→w6 ⇒ v + v67→w + w6! C(v + v6) = C(v ) + C(v6)C�A 7→C(w ) +
C(w6) "#$ %&'()*%+& ,&'(V ect Add)- = C(w + w6) "#$ ./+0! 1!234-!

Rule (V ect Cross)5 v A 7→w ; v6A 7→w6 ⇒ v × v67→w × w67 ,&' C ∈ SE(3)! C(v × v6) = C(v ) ×
C(v6)C�A 7→C(w ) × C(w6) "#$ %&'()*%+& ,&'(V ect Cross)- = C(w × w6)"#$ ./+0! 1!234-!

Rule (F rame Shif t )"� = v-5 M A 7→B; v A�B 7→w ⇒ M [v ]A 7→w! 8%&)9C ∝ M [v ]7 :9 ;,<9 C ∝ M
,&' C ∝ v ! =* >+??+:@ *;,*C(M )C�A 7→B ,&' C(v )C�A�B 7→C(w) "#$ %&'()*%+&-! A9&)9C(M [v ]) =
C(M )[C(v )]C�A 7→C(w) #$ (F rame Shif t )!

 !"# "� = m-5 8;+: *;,* C ∝ M; M A 7→B ⇒ C(M )C�A 7→B! B;9& M A 7→B %@ *;9 )+&@9C(9&* +>
D(?9 (V alue) +/ +&9 +> *;9 /(?9@5

Rule (Map Given )5 aijA 7→bij ; akA 7→bk ⇒ 〈aij ; ak〉A 7→〈bij ; bk〉7 >+/i; j; k ∈ 1::3 ,&' det(bij) 6= 0!
B;9& C(〈aij ; ak〉) = 〈C(aij); C(ak)〉C�A 7→〈bij ; bk〉 "#$ %&'()*%+& ,&'(Map Given )-

Rule (Map Comp)5 M  A 7→B ; M 6A 7→B6 ⇒ M  ◦ M 6A 7→B ◦ B6! E9 ;,<9 C(M  ◦ M 6) = C(M  ) ◦
C(M 6)C�A 7→B ◦ B6 "#$ %&'()*%+& ,&'(Map Comp)-!

Rule (Map Inv )5 M  A 7→B ⇒ M  ! 1
A 7→B ! 1! E9 ;,<9 C(M  ! 1) = C(M  )! 1

C�A 7→B ! 1 "#$ %&'()F
*%+& ,&'(Map Inv )-!

Rule (F rame Shif t )"� = m-5 M  A 7→D; M 6A�D 7→B ⇒ M  [M 6]A 7→B! 8%&)9C ∝ M  [M 6]7 :9 ;,<9
C ∝ M  ,&' C ∝ M 6! =* >+??+:@ *;,*C(M  )C�A 7→D ,&' C(M 6)C�A�D 7→B "#$ %&'()*%+&-! A9&)9
C(M  [M 6]) = C(M  )[C(M 6)]C�A 7→B #$ (F rame Shif t )! �



 ! "#$%&''&' () '"*%&

 ! "#$ %&'! ( )#*() +,(-! ./&+0 ,!.1)0 #" 2,#*!..!. 0/(0 &. 0/! !3(*0 ("()#% #+ 0/! (F rame Shif t )
,1)! #" 4(0( %&'!" &" 5!6"&0&#" 789 :/&. ,!.1)0 1.!. ()) 0/! (≡ Map:::) ,1)!. &" 0/! .0,1*01,()
*#"%,1!"*! ,!)(0&#"; !3*!20 +#, 0/! (≡ Map Comp) ,1)!9 :/! ,!.1)0 4!2!"4. #" 4(0( *#-210(0&#"
#")< &" 1.&"% 0/! (F rame Shif t ) ("4 (Map Comp) ,1)!.9 =0 $#1)4 0/!,!+#,! /#)4 +#, ("< 4(0(
.1>)("%1(%!. ("4 4(0( *#-210(0&#" ,1)!. $/&*/ $!,! *#-2(0&>)! $&0/ 0/!.! ,1)!.9 ?!*()) 0/(0

2,#*!.. ,!41*0&#"; PA Q; $(. &"0,#41*!4 &" 5!6"&0&#" @9

 !"#$"% &'(  !"#$ %&#'( )*+,-
M A 7→B; PA�B → Q ⇒ M [P ]A M [Q]

.&!!,/ :/! 2,##+ &. >< &"41*0&#" #" 0/! 4!,&'(0&#" #+ A A�B → B9

Rule (Red Comm)C ΔA�B 7→ε ⇒ !σx(Δ):P D + P E | ?σx(y):QD + QEA�B → P D | QD{y\ε}9 F,#-
M A 7→B; $! #>0(&"M [Δ]A 7→ε >< (F rame Shif t )9 G< (Red Comm) $! 0/(" /('!C !σx(M [Δ]):M [P D]
+M [P E ] | ?σx(y):M [QD]+M [QE ]A M [P D] | M [QD]{y\ε}9 H&"*! M A 7→B; $! I"#$ 0/(0 M &. *)#.!49
J!"*!; +#, ("< '(,&(>)! y; $! /('! M [QD]{y\ε} = M [QD{y\ε}]9 :/!,!+#,!; M [!σx(Δ):P D + P E |
?σx(y):QD+QE ]A M [P D | QD{y\ε}] >< (≡ Map Sum); (≡ Map Out ); (≡ Map In ); (≡ Map Par )
("4 (Red ≡)9

Rule (Red Cmp)C ΔA� Bg ΔD ⇒ Δ =σ ΔD:P DA�B → P D9 H&"*! M A 7→B; $! /('! M [Δ]Ag M [ΔD]
>< (F rame Shif t ); .# +,#- (Red Cmp) $! #>0(&" M [Δ] =σ M [ΔD]:M [P D]A M [P D]9 :/!,!+#,!
M [Δ =σ ΔD:P D]A M [P D] >< (≡ Map Cmp) ("4 (Red ≡)9

Rule (Red Par)C P DA�B → QD ⇒ P D | RA�B → QD | R9 G< &"41*0&#" M [P D]A M [QD]; /!"*!
M [P D] | M [R]A M [QD] | M [R] >< (Red Par) ("4 M [P D | R]A M [QD | R] >< (≡ Map Par ) ("4
(Red ≡)9

Rule (Red Res)C P DA�B → QD ⇒ (νx)P DA�B → (νx)QD9 G< &"41*0&#" M [P D]A M [QD]; /!"*!
(νx)M [P D]A (νx)M [QD] >< (Red Res) ("4M [(νx)P D]A M [(νx)QD] >< (≡ Map Res) ("4 (Red ≡)9

Rule (Red ≡)C P ≡ P D; P DA�B → QD; QD ≡ Q ⇒ PA�B → Q9 G< (≡ Map); M [P ] ≡ M [P D] ("4
M [QD] ≡ M [Q]9 G< &"41*0&#" M [P D]A M [QD]9 J!"*! M [P ]A M [Q] >< (Red ≡)9 �

:/! (≡ Map Comp) ,1)! &. "#0 1.!4 &" 0/! 2,##+ #+ 0/! 0/!#,!-9 :/&. &"4&*(0!. 0/(0 $! -&%/0
,!.0,&*0 #1,.!)'!. 0# ( 52& .0<)! *()*1)1. $&0/#10 0/! "!.0&"% #+ +,(-!.9 =" #1, "!.0!4 *()*1)1.; 0/!

4!,&'!4 ,!41*0&#" +#, "!.0!4 2,#*!.. +,(-!; 1.&"% :/!#,!- 7K 0$&*!; &.C

M A 7→B; NA�B 7→C; PA�B�C → Q ⇒ N [P ]A�B → N [Q] ⇒ M [N [P ]]A M [N [Q]]

=" ( "#"L"!.0!4 *()*1)1.; $! *#1)4 !-1)(0! 0/&. ,!41*0&#"; +,#- 0/! .(-! (..1-20&#".; ><C

M A 7→B; NA�B 7→C; PA�B�C → Q ⇒ M [N ]A 7→C
⇒ M ◦ M [N ]A 7→B ◦ C ⇒ (M ◦ M [N ])[P ]A (M ◦ M [N ])[Q]

1.&"% (F rame Shif t ); (Map Comp) ("4 :/!#,!- 7K9 =" #0/!, $#,4.; &+ $! /(4 "!&0/!, (≡
Map Comp) "#, "!.0!4 2,#*!.. +,(-!.; $! *#1)4 .0&)) !-1)(0! M [N [P ]]by(M ◦M [N ])[P ]9 G10 $&0/
K "!.0!4 2,#*!.. +,(-!.; $! !"4 12 $&0/ K "!.0!4 +,(-!. #" 0/! -(2.9 J!"*! $! $#1)4 .0&)) "!!4

0# /("4)! "!.0!4 +,(-!. (0 )!(.0 #" 0/! 4(0(9

 ! ./#$ 0/(0 $! *(" ./&+0 2,#*!.. ,!41*0&#". 0# 4&M!,!"0 +,(-!.9 N ./&+0!4 2,#*!.. 4#!. "#0

,!41*! 0# !3(*0)< 0/! .(-! 2,#*!.. (. &" 0/! #,&%&"() '!,.&#"; !9%9 */("%&"% +,#- Q 0# C(Q); >10 0/#.!
4&M!,!"*!. /('! "# !M!*0 #" 2,#*!.. 0,(*!. O1"4!, 0/! 1.1() ∝ (..1-20&#".P9 :/(0 &.; 4&M!,!"*!.
41! 0# '()1! .1>.0&010&#". &" 4&M!,!"0 +,(-!. *(" 0/!" *("*!) #10 >!*(1.! 4(0( *#-2(,&.#". ,!-#'!

0/! '()1!. +,#- 0/! 0!,-.9 :/! ∝ ,!)(0&#" !30!"4. 0# 2,#*!..!. &" 0/! #>'&#1. $(<C C ∝ P /#)4. &+



 !"#$%%$% &' % (#$ )*

 !" #!$% &' C ∝ Δ (#$") '#*  $$ " + ),-+.*/) Δ #' P 0 1(.*. C ∝ Δ &) 2&3.! &! 4.5!&+&#! 678 C(P)
&) +(. 9*#:.)) #-+ &!." -% *.9$ :&!2  $$ +(. 3 $,. ),-+.*/) ε #' P 1&+( C(ε)8

 !""# $%&  !"#$%&"'& ()**+"#
P ≡ Q ⇒ C(P) ≡ C(Q)

,$!!-. ;(. 9*##' &) -% &!",:+&#! #! +(. ".*&3 +&#! #' < ≡ =8 ;(. &!+.*.)+&!2 *,$.)  *. +(. >≡ ? 9

8 8 8 @ *,$.)A 1. $##B  + +1# #' +(./8

Rule (≡ Map)C P D ≡ QD ⇒ M [P D] ≡ M [QD]8 E% &!",:+&#! C(P D) ≡ C(QD)0 (.!:. C(M )[C(P D)] ≡
C(M )[C(QD)] -% (≡ Map)0 +( + &) C(M [P D]) ≡ C(M [QD])8

Rule (≡ Map In )C M [?σx(y):P D] ≡ ?σx(y):M [P D] (y =∈ fv (M ))8 ;(.!y =∈ fv (C(M ))0  !" 1.

( 3. C(M [?σx(y):P D]) = C(M )[?σx(y):C(P D)] ≡ ?σx(y):C(M )[C(P D)] = C(?σx(y):M [P D]) -% (≡
Map In )8 �

;(. ∝ *.$ +&#! &) .F+.!"." +# +(. 9*#:.)) )%!+ F &! +(. #-3&#,) 1 %C A ∝ P (#$") &' A ∝ Δ
(#$") '#*  $$ " + ),-+.*/) Δ #' P 0 1(.*. A ∝ Δ &) 2&3.! &! 4.5!&+&#! G86HI8

 !""# $'& P ≡ Q ⇒ (A ∝ P ⇔ A ∝ Q)

,$!!-. ;(. 9*##' &) -% &!",:+&#! #! +(. ".*&3 +&#! #' +(. ".*&3 +&#! #' P ≡ Q8

Rule(≡ Symm)C Q ≡ P ⇒ P ≡ Q8 ;(.! -% &!",:+&#! 1. ( 3. +( + Q ≡ P ⇒ (A ∝ Q ⇔ A ∝
P)  !" (.!:. A ∝ P ⇔ A ∝ Q8

Rule(≡ Map)C P ≡ Q ⇒ M [P ] ≡ M [Q]8 ;(.! -% &!",:+&#! 1. ( 3.(A ∝ P ⇔ A ∝ Q)0 (.!:.
(A ∝ M [P ] ⇔ A ∝ M [Q])8

;(. #+(.* : ).)  *. *#,+&!. -.: ,). #' +(. ) /. " + ),-+.*/) #! -#+( )&".)8 �

 !""# $(& B ∝ P; PA  Q ⇒ B ∝ Q

,$!!-. J.",:+&#! "#.) !#+ &!+*#",:. !.1 ),-+.*/)0 .F:.9+ '#* (Red Comm) 1(.*. +(. *.),$+ '#$$#1)
'*#/ B ∝ ε  !" B ∝ Q ⇒ B ∝ Q{y\ε}0  !" '#* (Red ≡) 1(.*. +(. *.),$+ '#$$#1) '*#/ K.// 

IL8 �

;# /#+&3 +. +(. +(.#*./0  )),/. +(. " + :#/9,+ +&#! ΔA 7→ε 1(&:(0 -% (Red Comm)0 &/9$&.)

+(. 9*#:.)) *.",:+&#!C

!c(Δ) | ?c(x):x = εDA ε = εD

M$)#  )),/. C ∝ Δ0 )# 1. ( 3. C(Δ)C�A 7→C(εD) -% ;(.#*./ II8 N.!:. -% (Red Comm)C

!c(C(Δ)) | ?c(x):x = C(εD)C�A  C(ε) = C(εD)

 !" )&!:. C(!c(Δ) | ?c(x):x = εD) =!c(C(Δ)) | ?c(x):x = C(εD)  !" C(ε = εD) = C(ε) = C(εD)0 1.
( 3.C

C(!c(Δ) | ?c(x):x = εD)C�A  C(ε = εD)

O#* +(&) .F /9$. 1. ( 3. )(#1! +( + PA Q ⇒ C(P)C�A  C(Q)8 M$+(#,2( P ( ) +# -. *.9$ :."

-% C(P) &! +(. )(&'+." '* /.0 +(. 9*#:.)) )( 9. P *./ &!) ,!:( !2." ,9 +# +(. ./-.""." 3 $,.)8

?#*.#3.* +(. :( !2. "#.) !#+  P.:+ " + :#/9 *&)#!) &! +( +0 &' +(. :#/9 *&)#! ε = εD ),::..") &!
A0 +(.! +(. :#/9 *&)#! C(ε) = C(εD) ),::..") &! C ◦ A8 ;(&) .F /9$. ),22.)+) +(. )+ +./.!+ #' +(.

'#$$#1&!2 +(.#*./8



 ! "#$%&''&' () '"*%&

 !"#$"% &'(  !"#$! %&$'( )*+,- ,"& .&"/(00(0

C ∝ P; PA Q ⇒ C(P)C�A  C(Q)

.&"",1  !" #$%%& '( )* '+,-./'%+ %+ /!" ,"$'01/'%+ %& PA Q2

Rule (Red Comm)3 ΔA 7→ε ⇒ !σx(Δ):P 4 + P 5 | ?σx(y):Q4 + Q5A P 4|Q4{y\ε}6 C ∝ l:h:s:2 7*
 !"%$"8 996 C ∝ P 4; ΔA 7→ε ⇒ C(Δ)C�A 7→C(ε)2 :"+."6 ;" .1+ #$%,-." /!" &%<<%;'+= '+(/1+." %&
(Red Comm)3 !σx(C(Δ)):C(P 4) + C(P 5) | ?σx(y):C(Q4) + C(Q5)C�A  C(P 4)|C(Q4){y\C(ε)}2 >'+."
C(Q4){y\C(ε)} = C(Q4{y\ε})6 '/ &%<<%;( /!1/ C(!σx(Δ):P 4+P 5 | ?σx(y):Q4+Q5)C�A  C(P 4 | Q4{y\ε})2

Rule (Red Cmp)3 ΔA g Δ4 ⇒ (Δ =σ Δ4:Q)A Q6 ;'/! C ∝ (Δ =σ Δ4:Q)2 7*  !"%$"8 996 ('+."

C ∝ Δ =σ Δ4 1+, ∃ε:ΔA 7→ε 1+, Δ4A 7→ε6 ;" !10" /!1/ ∃ε4 = C(ε):C(Δ)C�A 7→ε4 1+, C(Δ4)C�A 7→ε4?
!"+." C(Δ)C�A g C(Δ4)2  !"$"&%$"6 )* (Red Cmp) ;" %)/1'+ C(Δ) =σ C(Δ4):C(Q)C�A  C(Q)2 @/
&%<<%;( /!1/ C(Δ =σ Δ4:Q)C�A  C(Q)2

Rule (Red Par)3 P 4A Q4 ⇒ P 4 | RA Q4 | R6 ;'/! C ∝ P 4 | R2 7* '+,-./'%+6 ('+." C ∝ P 46 ;"
!10" C(P 4)C�A  C(Q4)2 :"+." )* (Red Par)6 C(P 4) | C(R)C�A  C(Q4) | C(R)6 /!1/ '(6 C(P 4 | R)
C�A  C(Q4 | R)2

Rule (Red Res)3 P 4A Q4 ⇒ (νx)P 4A (νx)Q46 ;'/! C ∝ (νx)P 42 7* '+,-./'%+6 ('+." C ∝
P 46 ;" !10" C(P 4)C�A  C(Q4)2 :"+." )* (Red Res) (νx)C(P 4)C�A  (νx)C(Q4)6 /!1/ '(6 C((νx)P 4)
C�A  C((νx)Q4)2

Rule (Red ≡)3P ≡ P 4; P 4A Q4; Q4 ≡ Q ⇒ PA Q6 ;'/! C ∝ P 2 7* A"881 9B6 ;" !10" C ∝
P; P ≡ P 4 ⇒ C ∝ P 42 7* '+,-./'%+6 ;" !10" C ∝ P 4; P 4A Q4 ⇒ C(P 4)C�A  C(Q4)2 7* A"881
9C6 ;" !10" C(P) ≡ C(P 4) 1+, C(Q4) ≡ C(Q)2 :"+."6 C(P)C�A  C(Q) )* (Red ≡)2 �

 !" &%<<%;'+= /!"%$"8 "(/1)<'(!"( /!1/ )1$)", .%+=$-"+." '( #$"("$0", -+,"$ &$18" (!'&/2

 !"#$"% &)(  !"#$! %&$'( )*+,- ,"& 2$&#(3 4"56&7(5/(

C ∝ P; Q; PA ≈ Q ⇒ C(P)C�A ≈ C(Q)

.&"",1 D$%%& E%+(',"$ /!" $"<1/'%+ R = {〈C(P); C(Q)〉 | PA ≈ Q}2 F" (!%; /!1/ R '( 1+ (A ◦ C)G

.1+,',1/" $"<1/'%+2  !" (/1/"8"+/ /!"+ &%<<%;( ('+." '& PA ≈ Q /!"+ C(P)RC(Q) 1+, C(P)A�C ≈
C(Q)2 H1./3 P ↓x '& 1+, %+<* '& C(P) ↓x2

IJ E%+(',"$ 1+* 〈C(P); C(Q)〉'+ R ;'/! PA ≈ Q2 @& C(P) ↓x /!"+ P ↓x2 >'+." PA ≈ Q 1+,

P ↓x6 ;" !10" QA ⇓x? /!1/ '(6 ∃Q4:QA 
� Q4 ∧ Q4 ↓x2 7*  !"%$"8 9K 1+, A"881 9L ;" !10"

C(Q)C�A  
� C(Q4)2 M%$"%0"$ Q4 ↓x '8#<'"( C(Q4) ↓x6 1+, !"+." C(Q)C�A ⇓x2  !" .%+0"$(" '(

('8'<1$2

9J E%+(',"$ 1+* 〈C(P); C(Q)〉 '+ R ;'/! PA ≈ Q2 @& C(P)C�A  P 5 /!"+6 )*  !"%$"8 9K6 C ! 1(C(P))
C! 1�C�A  C ! 1(P 5)? /!1/ '(6 PA P 4 = C ! 1(P 5)2 >'+." PA ≈ Q6 /!"$" '( Q4 (-.! /!1/ QA 

� Q4
1+, P 4A ≈ Q42 :"+."6 )*  !"%$"8 9K6 /!"$" '( Q5 = C(Q4) (-.! /!1/ C(Q)C�A  

� Q52 N";$'/"
P 4A ≈ Q4 1( C ! 1(P 5)A ≈ C ! 1(Q5)? /!"+6 )* ,"O+'/'%+ %& R6 C(C ! 1(P 5)) R C(C ! 1(Q5))? /!1/
'(6 P 5RQ52 F" !10" (!%;+ /!1/ '& C(P)C�A  P 5 /!"+ /!"$" '( Q5 (-.! /!1/ C(Q)C�A  

� Q5 1+,
P 5RQ52  !" .%+0"$(" '( ('8'<1$2

PJ E%+(',"$ 1+* 〈C(P); C(Q)〉'+ R ;'/! PA ≈ Q2 H%$ 1+* %)("$01/'%+ .%+/"Q/ Γ6 C ! 1(Γ) '( 1+
%)("$01/'%+ .%+/"Q/6 1+, !"+." ;" !10" /!1/ C ! 1(Γ)[P ]A ≈ C ! 1(Γ)[Q]2 7* ,"O+'/'%+ %& R6 ;" /!"+
!10" /!1/ C(C ! 1(Γ)[P ]) R C(C ! 1(Γ)[Q])6 /!1/ '( Γ[C(P)] R Γ[C(Q)]2 �

 !"#$"% &*( 8(!$-+9+-: ;<*("&(' =>?

 @(A7$-+"50 $&(  @+59$&+$5-B $53 *(5/( +59$&+$5- $/&"00  1



 !"#$%%$% &' % (#$ )*

 !""#$  !"# A ∈ GA(3) !$% B ∈ G ⊆ GA(3)& !$% !''()# *+!* P = Q ,' ! -!. ,$ A& *+!*
,'& P A ≈ Q / 01  +#23#) 45& ',$6# B ∝ P ; Q & .# +!7# B(P )B�A ≈ B(Q )/ 0(* P &Q 

!3# 8(3#& '2 .# 29*!,$ P B�A ≈ Q !$% +#$6#P = Q ,' ! -!. ,$ B ◦ A/ :2$7#3'#-1& !''()#
P = Q ,' ! -!. ,$ B ◦ A& *+!* ,' P B�A ≈ Q / 01  +#23#) 45& ',$6# B! 1 ∝ P ; Q & .# +!7#
B! 1(P )B ! 1�B�A ≈ B! 1(Q )/ ;<!,$& P A ≈ Q & !$%P = Q ,' ! -!. ,$ A/ =# +!7# '+2.$
*+!* G>#?(!*,2$' !3# G>,$7!3,!$*/ ;''()# P = Q ,' ! G>#?(!*,2$& !$% +#$6#G>,$7!3,!$*& !$%
*!"# A; B ∈ G/ @AP = Q ,' ! -!. ,$ A *+#$& ',$6#B ◦ A! 1 ∈ G& ,* ,' !-'2 ! -!. ,$ B ◦ A! 1 ◦ A
91 %#B$,*,2$ 2AG>,$7!3,!$6#& !$% +#$6# ,* ,' ! -!. ,$ B/ =# +!7# '+2.$ *+!* G>#?(!*,2$' !3#
,$7!3,!$* !632'' G/ �


