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ABsTRACT. We introduce a geometric process algebra based on affine geometry, with the aim of
describing the concurrent evolution of geometric structures in 3D space. We prove a relativity
theorem stating that algebraic equations are invariant under rigid body transformations.
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M [P]IM [Q] = M [P|Q)] indicates that P and Q are in the same frame. Frame shift operations can
also be nested, with the process M [N1[P]|N2[Q]] indicating that P is in the frame shifted first by
N1 and then M | whereas Q is shifted by N, then M. Since M denotes a general affine map, frame
shift is more than just a change of location: it generalizes the Dpi [6] notion of multiple discrete
process locations to multiple process frames in continuous space. Processes interact by exchanging
data messages consisting of channel names or geometric data; such interactions are not restricted by
the distance between processes. Geometric data is evaluated in its current frame and transmitted
‘by value’ to the receiver. Consider an output !X( Dfb input ?x(z) interaction on channel X:

P, MIX(DQIN[?x(2):R] o M[Q]IN[R{z\e}]
where M evaluates to B in the global frame A and [Cedaluates to € — A o B([D)dTechnically,
this interaction across frame shifts is achieved via the equality:

P = X(M[M[Q]?x(2):N[R]

which distributes the frame shifts throughout the process, thus exposing the output and input
for interaction. In addition to communication, processes can compare data values. If R is z = [CRI
in our above example, then after interaction this process computes whether A e B(D—F A - C(D 1
where C is the evaluation of N in A, and evolves to R’ only if the original output and input processes
are at the same position.

I"#$%¢& '( Distance between processes.

Let us assume that the global frame is just the identity map. Process P below is located at —1
on the X axis, because X applies a translation T(—!,) to it. Similarly, process Q is located at +1
on the X axis by Y. When P outputs its origin, the actual value being communicated is thus the
point [1} 0; 0[this is a "#$%&' ()*$& that is not subject to any further transformation. Process
Q receives that value as X, and computes the size of the vector X~ [abtained by a point difference.
In the frame of Q that computation amounts to the size of the vector [1} 0; 0[= [} 0; 0L dwhich is 2.
Therefore, the comparison "X 3 2 succeeds, and process R is activated, having verified that
the distance between P and Q is 2.

X = T(1)P] where P = Im(D
Y = T(Y[Q] where Q= 2m(Xx):"x—[F2:R

"#$%& )(  Force fields.

A force field is a process that repeatedly receives the location of an ‘object’ process (and, if
appropriate, a representation of its mass or charge), and tells it how to move by a discrete step.
The latter is done by replying to the object with a transformation that the object applies to itself.
This transformation can depend on the distance between the object and the force field, and can
easily represent inverse square and linear (spring) attractions and repulsions. By nondeterministic
interaction with multiple force fields, an object can be influenced by several of them. Here P is

process replication (P =P | P ) for repeated interaction with the field channel f :
Force = (?f (x;p):x(M {p})) f is the force field channel; M {p}is a map
Object = (w)!If (x; DA (Y):Y[Object]
A uniform field (‘wind’): M {p} =T (1 x)
A linear attractive field at q (‘spring’): M{p} = T(3(q=p)

An inverse-square repulsive field at q (‘charge’): M {p} = T((p~q)=" p;q"?’)
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The ability to express force fields is important for modeling constraints in physical systems. For
example, by multiple force fields one can set up an arbitrary and time-varying network of elastic
forces between neighboring cells in a cellular tissue.

Example 3. Orthogonal bifurcation in lung development.

Lung development in mice is based on three splitting processes [9], which demon-
strate a relatively simple example of a developmental process. We show how to repre-
sent the third process (orthogonal bifurcation, Orth ), which is a proper 3D process of
recursive tree growth, where bifurcations alternate between orthogonal planes.

Orth = le(D:Moo(5)[Orth] | Mgo(—5)[Orth])

Mao(8) R(M (0)[1y]; 3) = M (6)

M (8) SA(3) ° R(1,:8) = T(1y)

The output of the origin [fd the ¢ channel at each iteration provides a trace of the

growing process that can be plotted. The transformation M (8) applies a translation T (1) by ty,
a rotation R(?,;0) by 8 around 1., and a uniform scaling So(3) by 3. The transformation M go(6)
first applies an M (0) transformation in the XY plane, and then applies a further 90 rotation
around the ‘current’ direction of growth, which is M (6)[1,], therefore rotating out of the XY plane
for the next iteration. Opposite 30 rotations applied recursively to Orth generate the branching
structure; note that because of parallel composition (‘|”) the tree grows nondeterministically.

2. PROCESSES

We introduce a process algebra, 31, where 3-dimensional geometric data (points, vectors, and
affine maps, as well as channel names) can be exchanged between processes, and where processes
can be executed in different frames. This is a proper extension of T-calculus with by-value com-
munication of geometric data A, data comparisons A = A’:P, and frame shifting M [P]. By-value
communication over named channels is achieved via an evaluation relation Ap B €, which evaluates a
data term A to a data value € relative to a global frame A. The data comparison process A = A”:P
evaluates to P if A and A’ evaluate to the same value. Frame shifting is the characteristic construct
of 3m: the frame shift process M [P] means running the process P in the global frame A shifted by
the affine map obtained by evaluating M .

The syntax of processes depends on the syntax of data A, given in Section 3. For now, it is
enough to know that each data term A has a data sort , where the channel variables X, [CMar,
have sort ¢, and the sort of M [A] is the sort of A.

Definition 4. Syntax of Processes

A = Xe | MIA] Data terms
T = 2X(X) | IoX(Q) | A =g & Action terms
P = 0jmP|P+P PP’ (v)P |P |M[P] Process terms

An action term T can be an input ?cX(X’), an output 'cX(A), or a data comparison A =5 I’
The input and output actions are analogous to T-calculus actions, where the input receives a data
value of sort along channel X which it binds to X’, and the output sends the value of A with sort

along X. Process interaction only occurs between inputs ?5, and outputs !5 of the same sort
A comparison of two data terms of sort  blocks the computation if the terms do not match when
evaluated using o B. The syntax of actions is restricted by sorting constraints: the X in ?X(X’)
and !X (A) must have a channel sort ¢; the X’ in ?5X(X’) must have sort ; the A in !gX(A) must



IHS%%$% &' % (HS$ )

"# $%&' (1)*'# A, -) A=g A, IS "# 3%& 0 1# %2'#) %.-' $%&'-)3 $/4$5&-6'S+ )* T#
I$5/.# ' I' "&-148#F %2 *-$'-)5' $%&'S 1&# *-$'-)5'0
9&%5#3$$ '#&.$ 8%%: 8-# $')*1&5!85/8/$ '#&.$0 1# I"# '# $)*I&* #.6'< 6&%5#$S O+ '#
15'-%) 6&%5#BFRP 2%& !5'-%) =7 #) 1 =?2x(X,)+ '# X, 4-)*$ < 2&## X, -) P>+ 5%-5R + P+
6!&!88#8 5%.6%%$--B)P ,+ 5 ))#8 &#$'&-5-%JvX)P 7 #&# x 1$ $%&'c ='# X 4-)*$ 1)< 2&## X -)
P>+ 1)* &#68-5!"-%)P [Q17?) **-'-%)+ 7# I"# ' # )%);$')*I&* 6&%5#$$ 2&!.# $ -2'-)3 M[P]+ 7 -5
&#HO&HDH)S | $ -2'#* 2&1.# 3-"#) A<M O 1# $188 $## -) @#5-%) A '!' 5))#8 "I&-148#$ *% )%’
%55/& -M ( #)5#+ -) (V)M [P]+ ' #&# -$ )% 6%$3$-4-8-'< ' I' )< "I&-148# - )M -$ 4%/)* 4< x0
1# )%7 3-"# | I"#$%&'( &#8!'-%) %) 6&%5#$S #&.$+ T& 4+ 7 -5 &HBI'HS 7% 6&%5#I$#S
&#BI'-"# '% ' # 38%4!18 2&!.HA0 B#*/5'-%) *#6#)*$ %) !) #"18/I'-%) &#8!'-%) A B e 2&%. *!'l
A '% "8/#S € -) | 38%418 2&!.# A+ *-$5/$SH* -) @#5'-%) A0 C # &#*/5'-%) &/B8#HS$ 2%& 6&%5#3$$ #&.$
1&# $-.68< '# &/B#HS %2 | 4<;"18/#m;5!85/8/$ 7-' *I'l '#&.$ A0 DI'l #18/!'-%) -$ [$#* -) '#
(Red Comm) !)* (Red Cmp) &/8#$0 D!'l 5%.6!&-$%)A = A,:P SHE/-&#$ ' # *I'l #"18/I'-%)
Apg A+ #1)-)3 " #E&H -S| *I' "I8I# €PB ' ApBel)r AaBe0
Definition 5. B#*/5'-%)
(Red Comm) ApBe [CIK(A)P +P, | 2:x(Y):Q + Q,n —P|Q{y\¢e}
(Red Cmp) Apg A, [CAl=5 A:Pp—P
(Red Par) Pr—Q [CPIIRA—Q|R
(Red Rey) Pa—Q [CQK)PA—(VX)Q
(Red =) P,=P;PA—Q;Q=Q, [PJx—Q,
C #&# -$)%' -)3 $6#5-F5 -) ' #$# &/BHS 14%/" ' # I$# %2 ' # 38%4!8 2&!AKG ' -$ -$ $-.68< I)*#*
%H '% ' # *I'l #"18/I'-%) &#8!'-%)0 C #&# -3 18%% )% &/8# 2%& 6&%5#%$ 2&!.# SMAPB+7 -5 -$
N*8#* ' -) ' # $'&/5'/&!8 5%)3&/#)5# &#8!'-%)0
?) " # $'D*&* I5 #.-5!18, 2%&./8!"-%) KLM %21;5!85/8/$+ ' # )% #3%# *+ $(, #!1($! &#8!'-%) $'#
&%8# %2 4&-)3-)3 15'-%)$ J58%# '%3# #&, $% ' I' ' # 5%../)-5!'-%) &(B#&d Comm) 5!) %6#&!'#
%) ' #.0 1# #I'H)* ' -$ -*# '% 4&-)3-)3 15-%)$ '%3H #& #'H) 7 #) ' #< |&# -)-'-188< $#6!&!I'H*
4< 2814 $-2'S+ $% 'I' '# $DN*I&* (Red Comm) &/8# 5!) $'-88 %6#&!'# %) '#.0 C #&H#2%&H+
$'&/5'&!8 5%)3&/H#)5#+=+ 5%)$-$'S %2 '# )%&.185!85/8/$ &/8#$ 68/ 1**-'-%)!8 &/IBHS 2%& 2&!.#
$-2-)3G '# (= Map:::) &/B#S0 C #3# .16 &/B#HS #$B#)'-188< #)148# /$ '% #&I$# 2&!\.# $-2'$ 2&%.
"# 6&%5#$S <)l N* % 6/$ '#. % "# *I'0 ?) ' - $H)$H+ 6&%5#$S 2&!1.# $-2° MI[P]-$))
-88/$-%)+ %& $<)'15'-5 $/31&+ 29BI85/8/$ 7-' 2&!.# $ -2' %)8< %) ' # *I'I0 NY%T#'H#&+ 2&\.# $ -2'
-$ -.6%&") 2%& .%*/8!&-'< A#BV$H+ T-' Y%l' -'+ T# T%I8* I"# '% .%*-2< "' # 6&%5#$$ 5%*# '% 1668<
"H# 2&!.# '% 188 ' # *I'l -'#.$ -)*-"-*/188<0
Definition 6. @'&/5'/&!8 0%)3&/#)5# =)%);$')*1&* = Map &/8#$>
(= Map) P=P, CMJP]=MI[P,]
(=Map Cmp) MIA =5 A,P]=M[A] = M[A]M[P]
(= Map Out) M [IoX(A):P] = Isx(M[A]D:M [P]
(=EMap In) M [?6X(y):P] = 26x(y):M [P] (y E1t 5(M))
(=Map Sum) M[P +Q]=M[P]+MI[Q]
(EMapPar) MI[P|Q]=M[P]|M[Q]
(= Map Res) M [(vx)P] = (vM [P]
(=Map Comp) M[N[P]]=(M > M[N][P]
PI)< %' #& &/8#S 5!) 4# *#&-"#*+ #030+ 2%& 5%../)-5!"-%) 15&%$$ 2&!.#$ $ -2'$ I' *-H#&H) *#6' $+
)* 2%& *!'l 5%.6!&-$%) -)$-*# | 8%5!8 2&!.#0 ?) $/..1&<+ ' # 1668-5!"-%) %2 ' # $'&/5'/&!8 5%)3&/;
#)5# &/8#% 188%7$ /S '% JQ!"#), ' # 8%5!8 2&!.#5 $% ' I' ' # &/IBHS %2 &#*/5'-%) 5!) 4# 1668-#* *-&#5'8<0
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There still remains the issue of correctness, or plausibility, of the new structural congruence rules.
This issue can be explored by analyzing the expected derived rules, as we briefly mentioned above,
and by establishing general properties of the whole system, as done in Section 4.

We have not discussed recursion, which was used in the introductory examples. However, recur-
sive definitions in T-calculus can be encoded, and this extends in 3T to recursive definitions under
frame shift by the ability to communicate transformations.

3. GEOMETRIC DATA

Geometric data consists of points, vectors and transformations, with the operations of affine ge-
ometry (see Appendix, and [5]). We are interested in three main groups of transformations over R®.
The General Affine Group GA(3) is the group of affine
maps over R3, which include rotation, translation, re-
flection, and stretching of space, and are indicated by General General
script letters A, B, C. Affine maps are presented as Scaling Deformation
pairs[A; plathere A is 3 % 3 invertible matrix represent-
ing a linear transformation, and p is a point in R®. The
Euclidean Group E(3) is the subgroup of GA(3) where [Ireserves
AT = A' L namely, it is the group of isometries of R3 the origin
consisting of rotations, translations and reflections. The 0@)
Special Euclidean Group SE(3) is the subgroup of E(3)
where det(A) = 1: namely, the direct isometries consisting Reflection
of rotations and translations, but not reflections. Elements Shearing Transformation
of SE(3) are known as the rigid body transformations, pre- Squishing SO(3) Rotation Groups
serving distances, angles, and handedness. An affine map
A has a canonical associated affine frame, namely the frame A( CLA(1x),A(1y),A(12); we therefore
refer to A itself as a frame.

We next introduce data terms A and data values €, and show how to compute data values relative
to a global affine frameA. Each data term and value has a sort [3 = {c;a; p;Vv; m}, denoting
channels, scalars, points, vectors, and maps respectively.

General GAB)  Ppreserves distance
Isometry and angles

v SAQ3)
Preserves
volume and
handedness

SE(3)

Translation

Definition 7. Data Values
The set of data values € [CVlal is the union of the following five sets:
o X. [Mal,, Var. are the channels;

b [Mal, , R are the scalars;
g [Mal, , R® are the points, which we write X y;z ]
w [Mal, are the vectors, a set isomorphic to V al,

with a bijection 1: Val, — Val, with inverse 1=1"1;

elements of V al, are written 1 X} y;z ]
A [MValy, , {[A;p[IRPF 3xR3|A'? exists} are the affine maps.

o]

o]

[¢]

0

Definition 8. Data Terms

A == Xcjalp|vIiM I IM[A] Data
a :— Xg|r|f(a)lvev'|b (i CLarity (f)) Scalars
p == X, C¥+piq Points
V. ou= Xy Ix |ty | 1z p—piavVviv+Vv vy iw Vectors
M o= Xp|@jaM M IM' 1A (i;j; k [13:3) Maps
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Data terms consist of 1"# $%&% &#"( which form the ‘user syntax’, additional $%&% )%*!1#(
b,g,w,A, which are inserted during by-value substitutions resulting from process interaction, and
variables Xg [CMarg of ach sort [31. Channels are regarded both as pure terms and values.
Each term A has the appropriate sort ; the sort of a data frame shift M [A] is the sort of A. The
substitution A{x\e} distributes over the structure of A, with base cases x{x\e} = ¢, y{x\e} =y
for y 8 x, and ¢'{x\e} = ¢’

The scalar terms include the real number literals r, the dot product of vectors vev’, giving
the ability to measure distances and angles, and basic functions f (a;), i [It:arity (f ), for real
arithmetic and trigonometry. The point terms include the origin ( O_dnd the addition of a vector
to a point. The vector terms include the unit vectors (1x, 1y, 1), point subtraction, the vector
space operations (-,+), and cross product v % v’, which gives the ability to generate out-of-plane
vectors, to measure areas and volumes, and to detect handedness.

The map terms include the base map terms [a}j; ax L tomposition, and inverse. In the term [&};; ax [
for i;j; k [13:3 the first 9 elements represent a 3% 3 square matrix, and the last 3 elements represent
a tranlation vector. We require the 3 %< 3 matrix to be invertible, which is verified by a run-time
check of the determinant.

The data term M [A] describes a $%&% +"%'# (,-H&ote that M [A] = A is not always true even
on scalars; e.g., M [veV’] is not the same as vev’ when M does not preserve distances. Hence, M [A]
does not mean apply M to the data value produced by A; it means (,-+& +"%'%#and evaluate the
term A in the frame obtained from M and composed with the global frame.

The evaluation relation Ap B €, describes the /' 1&%&-/0 of a closed data term A to value €,
relative to global frame A. The relation is a partial function defined by induction on the structure
of terms. Most cases simply follow the structure of terms; the key rules are the evaluation of the
origin in a frame: [A1B A([Q 0;00J(and similarly for the unit vectors like 1x o B A(t [T 0;00), and
the evaluation of frame shift: the value of M [A] in frame A is uniquely determined as the value of
A in frame A o B, provided that the value of M in frame A is B.

4. PROCESS OBSERVATION AND EQUIVALENCE

We establish the invariance of process behavior under certain transformations of the global
frame. We base our results on 1%"1#$ ./02"1#0.#, which is one of the most general notions of
process equivalence in process algebra [4, 7, 10] and gives rise to a definition of algebraic process
equation. For 3m, we relativize equations to affine frames, and investigate how the validity of the
equality changes when shifting frames.

Barbed congruence is defined using barbs and observation contexts. Barbs identify what can
be observed by the process environment; in our case, barbs are outputs on channels. Observation
contexts define the process environment: different strengths of observation can be characterized by
different classes of contexts. We choose to observe processes only by interaction on channels and by
restricting the interaction channels. Therefore, we do not allow observation contexts that have the
flavor of manipulating a whole process, like injecting a process into the observer’s code, or injecting
a process into a frame.

Definition 9. Barbed Congruence

o An /1(#")%&-/0 JO&H#3& is given by: [ == [ | P|| [P | (vx)I', where [] only occurs once
in . The process, I'[Q] is the process obtained by replacing the unique [] in I' with Q.

o 4&"02 5%"1 /0 x: Pl, , P = (vy1):(vyn)(X(A):P’|P”) with X & y1:yn.

o ABS%"1 /0x: Pa LJd, [PI:Pa— P’ [P I«.
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o A-Candidate Relation R !" #$ A-%H#$&I&H ()(*#1+$ |, -+) #PRQ /0 !- P 1, '1($ Qa LA
%+$3()"(*4 1-Q Ix 'L($ Pa G .50 1-PA —P6 '1($ '1(( " Q6 "7%1 '1#'Qa— Q6 #$&PERQ68 !-
Qa—Q6'1($'1()(!" P6 "7%1 '1#Ps — P6 #$&P BRQ62 .90 -+) #** +:"()3H'1+$ %-+$'(;" T8 <( 1#3(
MPIRIQJ=

o A-Barbed Congruence o =!" "L( 7$1+$ +- #* A-QHSEI&H ( )(H1+$"8 <11%L I" I"(* #$A-
VHS&I&H' () (' 1+$=

>$ H)&() '+ "#(+7) "L(+)(?"8 <($((&  compatibility )(#1+$"8 A [AI#$& A [PB %+$")#$I$@
T(H( A 4 # IRAK(HSHAN +- 1 (%) FAQHE)" T(& 1S &HH A #S& A)+%("P= B %*+"(&
&#H 021" affine 1- ' &+(" $+' %+SHISVev6 #S& X V6 "7:'()?"8 Euclidean - I' &+(" $+' %+$H#I$
VX V6 "7()?"8 #$& rigid +1()<!"(=

I"H$%$&H ‘()  CHH?( #$& D)+7TA E+2AH#LII4
o C+) A [GA(3) #$& %*+"(& &## '()? A8 <)I'( ALZXLA %+?A#1I*(<I'l A0 !,
o 1- A %+$H#I$"e '1($ A CEI(3)2
o 1- A %+$HI$ < '1($ A [CSE(3)2
o +1()<I"(8 $+ )(")I%'1+$ +$ A=
o C+) @)+7/C [GA(3) #$& %*+"(& &H## '()0? A8 <)!'( G LA !, [A [G=A 8= P
A CPI#$&G [P1- A #3& G #)( %+2A#I*( <I'L #4 '1( &##'()?" 1$  P=

G($%( <( 1#3( GA(3) LA I?A%I(" A 1" #H$(2 E(3) LA 12A%I(" A 1" [7T%*&#$2SE(3) [N
A" A 1")@!& J=(ZBE(3) [CAI#<#4"0=

F( #)( $+)2#%4 1$0("(& +$*4 1$ (ITH1+$" (<(($ A)+%("(" <I'1+7" %+2AT'(& 3H#7("2 <(
$+<)(M)1%' +7) #'($1+$ + "T%L A)+%(" '()?"8 <11%1 <( %#** pure '()?"=
"#$%$&# ") K7)( L()?"

B &#'# '()? A #$& A)+%(™ ()2 P I" AT)( - I' &+(" $+ %+$SHIS # 3HT( "TI()? € +- ")

CLa p;v;mi= F(7°( A7 #$&P 7 '+ &($+( "7%1 A7)('()?"=

L1( 1$3#)1#$%( +- (A7TH#1+$" :(<(($ AT)('()?" 7$&() %) #I$ 2#A" I" &("%):(& :4 # )(*#131'4
"L(+)(?= LI M(4 A)+AQ)'4 I" '1#  GN(I7#1+$" #)( GNIS3H) 4S8 2(#SI$S@ '1#' -+) # @)+7B8 "1(
&4 +) ISHA&LA +- (ITHI+S" '1#' #)( "ASHW' 1%t *4 Yo+ ?ARI*( <1 G I" $+ %IHS@ (& 4G
VS -+)2# 1+$"=
"H$%$&H ) 1ITHIHS" #$& OH<"

B$ (J7#'1+$ 1" # A#l) +- AT)( A)+%("™ '0?" PV&V8"$ PV =QV=>'I"

o B GNyguation8 -+)G [CGA3) !, G [P #$&G [QI'2
B law in A8 -+)A CAAR) !, P'A =QV2

o B law in G8 -+)G [GA(3) I,8 [AILGE " " # *#< I$ A2

o BNnvariant8 -+)B [CGA3) !, [AICGAR) " " #*#<I1$ AL I'"#*<1$ B~ A2

o GNnwariant8 -+)G [CGA(3) !, [BILG!"!I" BNI$3H)1#$2

o [Invariant across G8 -+)G [LGA3) !, [AIB [CA!"!"#*#<I$ B - I'I"# *#< 1$ A=
+1&-1. ') Relativity

G-equations are G-invariant, and hence invariant across G.

CH) "1 'L)(( 2H1$ Y- +)2#1+$ @)+TA" +- IS(("8 +7) "L(+)(? 1#" "L( -++<I$@ Yo+)+-#) ("
o GARNI7#!1+$" "1+"( $+' 7"1$@ o +) <0 #)( GAB)N!$3#)1#$' '1#' "8 affine equations are

invariant under all maps.
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o E(3) I"#$%&'() *%+)! (% #)&(, *<- $.! E(3) &(/$.&$(%0 %+$% H)TLidean equations are
invariant under isometries.
o SE(3) I"#$%&'() *$22 "#3$%&'()1 )&(SE(3) &45")) (' )6(%$3%&3 .1)%.&3%&'()- $SE(3)
&(/$.&5(%0 %+$%mlYyuations are invariant under rigid-body maps.
T#9%+1.1 6 "#$%&/() $.! &(I$.85(% $3.)) GO 3$(:! .1$; $) 8 G 2$<) $.! %+! )$4! &( $20 =.$41)91
&( %+ )B4 )1()! %+3$% (! )$6) %+3$% 8%+! 2$<) '= 5+6)&3) $.! %+! )$4! &( $22 &(1.%&$2 =.$4!)9> ?+#)
<! "%%$&(0
o @A(! 2%<) $.! %+! )$4! &( $22 =.$4!)>
o B#328:1%( 28<) $.1 )$4! &( $22 B#32&:1$( =.$41)>

o All laws are the same in all rigid body frames>

7. 1C$45211 %+! B#32&;I1B( "#$%&'((1x  1x= LPY) = PV &) $ 2$< &( %! *&;1(%&%6- =.$4!1
$(; +1(3! &) $ 2%$< &( $22 B#32&;1$( =.$41)> D'.I/L1 %+&) I"#$%E&'( 4$6 1! [$2&; . (% &( )'4!
&(8%&$2 =.$41 *5)&:26 $ (( B#32&;1$('(! 2&E! $)3$28&8(2 1y)-1 #% &%) /$2&;8%6 ;') (% 3+$(,!
#(!. $(6 =#.%+!. B#32&;!1$( %.$()=".45%&'(> F'%! $2)' %+$% %+&) I"#$%&'( 3$( :! .1$; =.'4 21=%
%' .&,+% $) )$6&(, %+$% 1= 1:P "V 345#%!) %' P V> GI(3! I"#$%&'($2 &(/$.8&$(3! &452&!) $2)'
3'45#%$%&' (52 &(/$.&B(3! *#% %+&) (26 ='. 3'45#%$%&'() =.'4 5#.! %!.4) %' 5#.! %!.4)1 <+!.
$(6 /524! &(%."#3!; 6 3'44#(&3%&'( &) )#:)I"#(%26 12&4&(3%!; :6 ;$%$ 3'45$.8)'(->

@) $)!3'(; 1C$452!11 =". $(6 %+.11 5'&(%) p X7 ;r V1 %+ SA( I"#$%&'(((q” —p”)+( ' —q") =
(rV=p")PY) =PV &) $25< &(%H=$411 $(; )’ &) $ 2%< &( $22 =.$4N)H &( =$3% &% &) %+! +1$; %' %$&2
$C&'4 '= $A(! )5$31>

@) $ %+&.; 1C$452!11 ='. $(6 5'&(%’ 1 %+! I"#$%&'(p” = CPI') = PV &) &(/$.&5(% #(;!. $22
%.$()23%&'() *:135#)! $22 "#$%&'() $.! &($.8&5(% #(;!. .&,&; ;6 4$5)-H +!(3!1 %+! 3'45$.8)'(
p” = [LAMN) %+ )B4l N#2% #(;). $22 %.$()2$%& ()1 $(; 3$(('% :! #)!; %' %!)% Y%o+! %.#! [$2#! '=
%+ ".&,&( ( 45%%!. +'< p” &) IC5.N)1 $) 2'(, $) &% &) $ 5#.! %!.4>

I> CONCLUSIONS

J+$ &(%.#31 K Ml $( 1C%I0& (‘= %+Im 3$23#2#) :$)!; '( SA(! I'41%.61 %' ;1)3.8:! Yor!
3'(3#..1(% 1'2H%&( '= '41%.83 )%.#3%H#.1) &( KL )5$31> I +$/! 5./1( $ .128%8&/&%6 Y%+!'.14
)%$%&(, %+$% $22 $2,1:.$&3 I"#$%E'() $.! &(I$.&$(% #(;|. $22 .&,&; ;6 %.$()=".4$%&'() *.'%$%& ()
$( %.502$%&'01 (% .IMI3%&'()-1 &4526&(, %+$% ( 5#.1 5.31)) 3$( )L/ Y%o+! 2'3$5%&'( '= Yo+
'&&(L (. Yot! "&I%B%E( '= %+! $)&) 13%') &( %+! ,2:$2 =.$41> D.I/L1 5.31)) %+$% ;'
(% 51.=".4 $:)2#%! 41$)#.141(%) */&$ $(; x- $.) &($.&B(% #(;!. $22 SA( %.$()="4$%& ()1
M$(&(, %+$% %+16 $.! $2)' #($:2! %' )L/ %+ )&N! '= %+l :$)&) 13%".) $(; Y%+ $(,21) :1%<!](
%+14> 7&($2261 5.31)!) %+$% #)l#% (% x $.! &(I$.8&$(% #(. $22 %+l &)'41%.&1)1 AI$(&(,
%+$% %+16 35((% )L/ <+1%+]. %+16 +$/1 1 IMI3%I;> 2+LI="11 %+1) )#2%) ;)3.8&:1 %o+
IC%!(% %' <+&3+ $ 5.'31)) 3$( ")/ &%) ,'41%.&3 =.$411 $(; ;)3.&:! %+! :1+$/&". '= $ 5.'31))
&(:&0L1(% ,I'41%.&3 =.$41)>
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6. APPENDIX A: GEOMETRY

6.1. Vector Spaces and Automorphism Groups. A wvector space over a field F is a set V with
operations + M xV - V (vector addition) and - [CH <V - V (scalar multiplication), such
that (V;+) is an abelian group, with identity the zero vector & and inverse —v, and moreover:
a-(v+tw)=a-v+a-w, (a+h)-v=a-v+b-v,(a:-b):-v=a-(b-v), and 1-v = v. Three-dimensional
space, R3, is our basic vector space over the field of reals: the vectors are the points of R3, + is
coordinatewise addition, and- is coordinatewise multiplication. A linear map over a vector space
Visan f M - V such that f (v+w) =f(v)+f(w) and f (a-v) =a-f (v); group axioms then
ensure that it preserves also unit and inverse. Lin (V) is the set of such linear maps. In Fuclidean
spaces, e.g. R3, one considers the ability to measure. This is achieved by extending the underlying
vector space with the dot product of vectors, giving the ability to measure distances and angles, and
with the cross product of vectors, giving the ability to generate out-of-plane vectors, to measure
areas and volumes, and to detect handedness. Both dot and cross product are linear maps in each
argument.

The General Linear Group GL(V) [Ln (V) of a vector space V is the group of all the au-
tomorphisms (bijective linear maps) over V. i.e., invertible elements of Lin (V). When studying
subgroups of GL(V), it is convenient to use linear algebra to represent the group elements. In
particular, GL (R®), the group of automorphisms of the R? vector space, can be given as the group
of invertible 3 % 3 matrices A in linear algebra, where matrix multiplication A - B is an operation
over sizes (N X mM) < (M xn) - (M xn). On matrices we use also AT for transposition, A + B
for addition, a- A for scalar multiplication, and A' * for inverse. With the elements v [RP inter-
preted asl x 3 (column) matrices, we obtain the required linearity properties from linear algebra:
A-(v+v)=A v+A-v and A-(a'v) = a-(A-V) for any scalar a. Note again that only the invertible,
i.e. bijective, matrices are members of GL(R®). The Special Linear Group SL(R3) is the subgroup
of matrices with determinant 1: as transformations these preserve volume and handedness.

The General Affine Group GA(V) is the group of affine vector maps over V; these maps are
presented as pairs [A;uvhere A [CGL (V), and where u [V is a translation vector. In particular,
GA(R?®) is the affine group over the R® vector space. We use 3 x 3 invertible matrices for A, with
[B;ul¥), A-v+u for any v CR3 Geometrically, affine vector maps transform straight lines
into straight lines, and preserve ratios such as midpoints. The Special Affine Group SA(R?) is the
subgroup with matrices with determinant 1.

Concretely, we work always over the field R and the vector space R3, hence we abbreviate these
groups as GA(3), SA(3), GL(3), SL(3).

For the next automorphisms groups we need to investigate some special matrices. An orthogonal
matriz is a square matrix A such that AT = A' 1 (and hence A-AT = AT-A =id, and also det(A) =
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+1). All orthogonal matrices are !"#$%& $! i.e., preserve distances, which can be seen as follows.
The vector dot product (of column matrices) is defined as vew , vT-w, and v, vev. IfAT =A'1
we then have that A -veA-w = (A-V)T -(A-w) =vT-AT.-A.-w=vT.id-w=v".w=vew. And also
(A-v)? = v2. Distance in a vector space equipped with dot product is defined as d(v;w) , J(v—w)?.
For A orthogonal, we then have d(A-v;A-w) = /(A-v—A-w)? = /(A-(v—w))? = /(v—w)? = d(v; W),
that is, A preserves distances.

The '&%(")"*+, -&"./  O(3), subgroup of GL(3), is the group of , *$+& !"#$%& $lof R3, that is,
the group of orthogonal matrices, which correspond to rotations and reflections around the origin.
As we have just shown, members of O(3) preserve dot product: A - veA -w = vew. The 0/$1 +,
'‘&%(")"*+, -&"/ SO(3) contains only the direct linear isometries, that is, just the rotations.
Members of SO(3) distribute over cross product: A-v><A-w =A - (v>xw) [13]. Intuitively that is
because cross product can measure areas and handedness, but is insensitive to isometries that do
not change handedness.

The 2.1, 3$+* -&"./  E(3), subgroup of GA(3), is the group of isometries of R3; its elements can
be given as affine vector maps [A; u [vhere A is an orthogonal matrix (a rotation or reflection) and
u is a translation vector. We have seen that members of O(3) are isometries, but such [A; u Cdre too:
for A [Q(3) we have that d([A; u [(V); [&; u[(W)) = d(A-v+u; A-w+u) = /(A-v+u—(A-w+u))? =
J(A-v—A w)? =d(v;w). That is, all affine vector maps [A; uSvhere A is an orthogonal matrix
are also isometries.

The subgroup SE(3) of E(3) of 3 &$1% !"#$%& $kcludes reflections; that is, the determinant
of A must be 1. Elements of SE(3) are then the &) 3 4"35 #"% "*!, preserving handedness and
distances.

The subgroup relation on the automorphism groups discussed so far forms a cube standing on
the SO(3) vertex, with GA(3) at the top. Maps contained in the bottom faces of the cube have the
following interpretation: the face below E (3) preserves distances and angles; the face below SA(3)
preserves volumes and orientation; the face below GL (3) preserves the origin. Various vertices
of the cube hold the basic geometric transformations: rotation, translation, reflection, shearing,
isotropic scaling, and volume-preserving squishing (non-orthogonal matrices with det = 1). There
are many more automorphism groups; e.g., the group of pure translations, below SE(3), the group
of pure reflections, below O(3), and the group of identities below all of them. However, the cube
depicts the most studied automorphism groups, and a finer structure is not necessary for the study
of geometric invariance properties, at least not in this paper.

We work in GA(3) and its subgroups. For example, we regard an affine vector map [A;u ]
GA(3) as a member of GL(3) when u = 0, and as a member of E(3) when A is orthogonal, and
further as a member of O(3) when u = 0. We fix a representation of affine vector maps based on
linear algebra.

6.2. I"# $%&H( &") !"# *&%(+ Affine geometry is intuitively the geometry of properties
invariant under translation, rotation, reflection and stretching. It can be properly formulated by
the notions of affine spaces and affine maps [3, 5].

A-"1.0" 12+ Affine spaces

An affine space is a triple (P;V; ) where P is a set (of points), V is a vector space, and [ ]
P <P - V is a function which characterizes ‘the unique vector (p;@) from p to . The map
must satisfy:

(1) for each p [P, , [Pl - V = AQ: (p;0) is a bijection;

(2) the head-to-tail equation holds: (p; @) + (g;r) = (p;r).
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"#$%! &' ()*+ P #,- V #.!/%&0&.12/"+ 3%$4 42! [% ,& "#,&,/"#5 /%&0&.12/%06 72! 8!"4&.
(p: O) /% %&0'4/01% "#55!- 421 1&/,4 -/9V.1"1+ : /44, q-p6 I #5%& -1<,! 81"4& =18&/4 #--4I&,

#%0u M x<xP - P = Av;p: Ll(v) (:21"2 1% # group action & (V;+) &, P*6 72! affine space
of free vectors &8\. P [% # "#,&/"#5 #>,! %l#"! "&,%4.$"4!- &8!. # %4 &' 1&/,4% 42#4 [% #5%& #
8"4&. %1#"16 ?4 /% "&00&, 4& AH#H@E= P /, %3$"2 # "&,%4.$"4/&,6 ?, &$. &1\.#4/& #5 %!0#,4/"%+
2&:18L+ 1 - 4& -1%4/,A$/%2 3'4:11, 1&/,4% #,- 8!"4&.%B 2!,"! ;| 4#@! '&. V # %4 [%&0&.12/"
3%4 -/%4/,A$/%2#35! '.&0 6 ;! '&"$% &, 42! %1#" & '.I! 81"4&.% &8!. 42! 1&/,4% &R36 C&4! 42#4
R3 /% #5%& # 8!"4&. %1#"1+ :/42 42! $55 81"4&. [,-I"#4)- 8B

'#$%$&# () 72! #>,! %1#" &' "1 81"4&.% &8!. RS
721 #>1 %1#" & 11 81"4&.% &8!. R3 /%(R3;FV (R%); OH :2!.IE
o 721 %l4 & 18&/,4% &' 42! #>1 %1#"! /R36
o FV(R3), {6} x R3/% # 81"4&. %I1#" \F$/111- /42 #,- >+ A/8l, 3D 42! 1.&-$"4 %4.$"4$.16
o MRExR® - FV(R®), Ap;0):E q—p@E

G$H/5/#.D -1<,141& % #,- 1.&1!.4/\%E
o Dol MQ): C(b; 0)/% # 3/11"4/&, '&. #'2 p6
° q=p, (p;q = 6 q—p
evup, [3(v)/42 [Eqgl p=q+p
o1, LA~ 1, 1" L#.15/1# 0#1%+ /42 1 p= [G p[H #,- | [& plF p6

72! %!4{e} x R3 "#, 3! %!, #5%& #% 42! %4 &' "#,&,/"#5 .11.1%)!,4#4/8\%f&e vectors (IFS/8#5!,"!
"5#%%!% &' 8!"4&.% /42 42! %#HO! %/J! #,- &1 AHAI& *+ #,- "#, 3! IH15#/,!- #% 42! 8!"4&.% .&&4!-
#4 42! &.IA/,6

Affine vector maps & 42! '&.0 Av:if (v) +u [CM - V /42 f [Tn (V) #.! "&00&, /, 42!
5/4' #43.) &' #$4&0&.12/%0 A.&$1%+ #% 1.1%!41- /, KI"4/&, L6)6 G>,! 1&/,4 0#1% &' 42! '&.0
A:f(@=o)u p B - P /[,%4#- #.! "&008&, /, 42! 5/41#43%.! & #>,! %1#"1% MNO6 P&,'$%/,A5D+
421D #.! 3&42 "#55!- 1$%4 Q#>,! O#1%R6 /11"4/8! 1&/,4 #,- 8!"4&. 0#1% '&.0 A.&$1% $,-!. '$,"4/&,
"&018&%/41&,+ [-1,4/4D+ #,- 1,81.%!+ #,- 421%! A.&$1% #.! .|15#4!- 3D # A.&$1 /%&0&.12/%0E '&. #"2
"28&/" &' &.JAI, ot 1$%4 5/@! 421! /% #, /%&0&.12/%8!4:1!, 1&/,4% P #,- 8"4&.% V+ 421! %
#5%& # A.&$1 /%8&0&.12/4p0= Ah: o o ho [ 1 314:01, 421 A&SL & 3/1"4/8! #>,! 1&/,4 0#1%
142 &.IAl, ot #,- 42] A.&$1 &' 3/11"4/8! #>,! 8"4&. O#1% GA(V)6 72! /%&0&.12/%0 4.#,%'&.0%
# 1&/,4 O#1 42#4 O#1% # 1&/,p %!, #% # 8!"4&p—0 4& 42! 1&/4f (p—0) u gt /,4& # 8!"4&. O#1
42#4 0#1% 42! 8!"4&p—-0 4& 42! 8!"4&.f (p—0) + (gq—0)+ :2/"2 :2!, .&&4!- #4 42! &./A/, 5#-% 4&
42! 1&/,4 (f (p=0) +(q=0))u o =f (p=0)u g6 S1 4& 42/% A.&$1 /%&0&.12/%0+ :! "&,%/-1. #>,!
1&/,4 0#1% (42!, "#55!- 1$%4 #>,! 0#1% /, 42! 3&-D &' 42/% 1#1!.* #% 0!03!.% &GA(V)6

Affine point maps &8!. 42! #> %1#" & I 81"48&.% &8!. R3 #.! -1,&41- 3D %"./14 5!44!.%
ABE+666 #,- #.1.11.19%!,41- #% 1#/.9\ = [A; ql6l 72D #.! #115/!- 4& 1&/,4% 4& &34#/, 4.#,%'&.0!-
1&1,4%A - p + g+ #,- #.! IH4!,-1- 4& 81"4&.% v =[(p;q) 3D 4#@/,M((p; ) =CCA(p); A(@)+
212 0W#,% 42#4 A(v) = (1 cAe 1)(v)+ 2L 42! 4 #,%5#4/&, "&01&,!,4% "#,"I5E 42/% .\T!"4% 42!
'#'4 42#4 8 #.! QIR 8!"4&.%+ /,8#./#,4 $,-. 4.#,%5#4/&,6 721%! .$5!% '&. #115D/,A 0#1%+ #,- 42!
$5!% '&. "&01&%/,A #,- 1,81.4/,A 0#1%+ #.! A/8!, /, UI<,/4/&, )L6

I"HS0$&H *)  G>,! 1&/,4 O#1%
ALCGA@B) O#,% A=Mpl:2ll 1A ICGL(3)B 42#4 [det(A) E 06

ALCE@) O0#% A=MEp:2ll 1A ICOEB)B 42#4 /AT = A' 16
ALCSEQB) 0% A=Mpl2ll 1-A-I[SO@B)B 42#4 [det(A) = 16
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[ICRP; [Al CGA(3): A = [Aply , A-q+p [RP
VICEV (R3); [A CGA(3): A(v) = [Aply) . (1 eAC 1) (V) CEN (R3)
LAt B [d subgroup of GA(3): A-B = [A;pd[B;qd, [[A-B;A-q+pd G
[Al @ subgroup of GA(3): Al = A‘prHt , A'L-A"t.p0O G

It should be noted that this definition can be formulated as a theorem in a general treatment of
the groups of affine vector maps and affine point maps, and their representation in terms of linear
algebra. For conciseness, we take it here as a given.

The following proposition collects all the geometric facts needed in Theorem 22.

Proposition 17. #$I06&#!( Y*+" ', *(. [1(# O*/"

12 [plq [RP; A CGA(Q3): A()-A(p) = A(d-p) CEV (R®)
32 WICEV (R®);p [RP; A CGAQR): AMV)u A(p) =A(vup) [RP
42 w CENV (R®); A CGA(3): AV) + Aw) = AV +w) [CEV(R®)
52 [@ICRLv CEV (R%);A [GA3): a A(v)=A(a-v) CEV (R3)
62 jw CEN (R3%); A [CEI(3): A(V) eA(W) = vew R
72 jw CENV (R%); A CSE(3): A(V) x A(w) = A(v xw) L[EV(R®)

8%"9 Let A = [A;r [dBy Definition 16: if A [CGA(3), then the vector map t eAe | QL (3) is a
linear map; if A CEI(3), then 1t cA~ | [A(3); and if A [SIE(3) then 1 cAe | [SIO(3). Recall that
if f CA(3) then f (v) f(w) =v w, and if f [SIO(3) then f (v) < f (w) =f (v xw) [13].

D) Erf@=-Arip) =A-q+rr=A-p+r=[MEA-q+r)—(A-p+rlk EFA - (q-p=
(1 °Ae 1) - 8 q—plE= (A1 [(G-p).

2) [A; 1 [(Tat g (A1 [(p) = (1 °A° 1)(B o) A -p+r =[G A qI A-p+r =A-(q+p) +r =
[A;r [(§+ p) = A& r [(I8; g0 p).

3) [A;r [(Ie pli+ A;r [da g = (1 °Ae 1)([8pDd+ (1 cAe 1)([@gd=1 (A-p)+ 1 (A-0)
=1 A-p+rA-g=1tA-(p+q) = (1 A I)([Bp+gld= (1 ~Ae 1)(l& pl3 & q)l=
[A; r [(Is; p[3- (8} i)

4) a A r (et py)=a-(1 <A< L)([Bply=a 1 (A-p) =1 (@A-p) =1 (A-(a-p)) = (1 A< 1)([a} apD)]
= [A;r [(& - [g) pD)]
5) [A;r [(V) [A;r W) = (1 cAe 1)(v) (1 cAe 1)(w) =V w since 1 cAe | CQA(3).
6) [A;r [V) x [A;r [W) = (1 A 1)(V) % (1 cAe 1)(w) = (1 cAe 1)(v X w) since 1 cAe | [SO(3)
=[A;r [V x w).

"#1$%!&

[13] F. Jones. Vector Calculus. Chapter T: Cross Product. (Unpublished book;  available at
http://www.owlnet.rice.edu/ ~fjones/chap7.pdf.)

7. '((1$)*+ - HII'"&
The full definition of Structural Congruence is as follows:

Definition 18. Structural Congruence

(= Refl) P=P
(= Symm) P=Q LQEP
(=Tran) P=Q;Q=R [PER



(= Act)
(= Sum)
(=Par)
(= Res)
(= Repl)
(= Map)

(= Map Cmp)
(= Map Out)
(=Map In)

(= Map Sum)
(=Map Par)
(= Map Res)
(= Map Comp)

(= Sum Comm)
(= Sum Assoc)
(= Sum Zero)

(= Par Comm)
(= Par Assoc)
(= Par Zero)

(= Res Zero)
(= Res Sum)
(=Res Par)
(= Res Rey)

(= Repl Zero)
(= Repl Par)

(= Repl Copy)
(= Repl Repl)

"HE%N&"&' () "*%&

P=P L@ =mP’
P=P;Q=Q [P¥Q=P +Q’
P=P;Q=Q [P]Q=P |Q
P =P CA)P = ()P’

P=pP CPI=P’

P=P CMIP]=MI[P’]

MI[A =5 A:P]=M[A] =¢ M [A]:M [P]

M [IoX(A):P] = ox(M[A]D):M [P]

M [?6x(y):P] = ?5x(y):M [P] (y ET¥5(M))
M[P +Q]=M[P]+M[Q]

M[P | Ql=MI[P] | M[Q]

M [(vx)P] = (vM [P]

MIN[P]]=(M - MI[N]IP]

P+Q=Q+P
(P+Q)+R=P+(@Q+R)
P+0=P

PIQ=Q]|P
PIQIR=P|(Q[R)
P|O=P

(vx)0=0

(X)(P +Q) =P + (vx)Q (x £1c(P))
)P Q=P | (v)Q (x £1¥:(P))
(X)(vy)P = (vy)(vx)P

The basic operators over the data values are given in Definition 19. Note that there are similar
operations on different domains: for example, + between reals, + between vectors, and U between
vectors and points. Note also that vector mapping ignores the translation component p (or rather,
it cancels when applied to the end points of Vv); this is the sense in which vectors are ‘free’: invariant

under translation.

"#$%3$&# '()  Operations on Points, Vectors, and Maps

Xy, zE=EFXy 2’0, +X=-x,y—-y,z—2z'[] point subtraction
T}y z00 Xy z’ 0, X+xhy+yhz+z'[0 point translation
at xXy;z[O, t@E-xa-y,a z[ vector scaling
Tty zH T XNy 2’0, r X+XGy+yiz+ 2’0 vector addition

t Xy, zlelt Xy, 2’0), XX +y y +z2.2 dot product
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tIXy;zX 1 X¥;y;z0, 1Mz —z-y;z2X —X-2;X:y =y X I"#$$ %"#&'(

[A;plt) , A-g+p %ott)*( +,%%)*-
[A;pl) , (1 °A=1)(V) JI(#" +,%%)*-
[A;pE[A;pL [[A-A;A-p+pld +,% l#+%H#S) ()
A plt , @A'L-A"1.pO +,% )*.I"$/

0% 1/2%)(/#* 34 5/ &12*/ (61 "I7,0#* D D8 56)16 &SI/ (6] H+%'(,0#* #: , 1THSI& &(,
"+ D @# . T1 €8 7,0 (# -THOT ="+ A <6/ "I7,0#* A3 )$, %,"(),7 H0#*8 &/$!")9/&
) H%I0HT ST 18] # F&IO#S <6/ >1= "7/)$  (Frame Shift )? 56/* 1#+%'(,()#*
PS4 $6):( MIAIB (61 .7 # MIA])* "+ A)$ ®@/7= &I(I"+)*& ,$ 6/ 7'
# AV "+ Ao B8 %H)&& (6,((6/ .71 # M )+ A)$B;

Definition 20. A#+9%'(,0#* # 17T#8/& &(, ("+$)*, "+ A

(Scalar Real) raBb ): YU Tr "1%"$*($ b [Mlal,
(Scalar Arith ) ajaBly CE@)aABf () 1 [Carity (f) ): b [CMal,8f (by) &/2*/&
(Scalar Dot) VaBw,vaBw LV ¥VBww ):w;w [Val,

(Point Origin ) LB A(Q0;00]

(Point Move) vaBw;paB3q CxdpaBwuq ): w [Val, 8q [VIal,

(V ect Unity) tx A BA(r [I10;000
(V ect Unity) ty ABA( 1,000
(V ect Unit;) 1z aBA( [@Oo; 10

(Vect Suf PaBa;paBag CpFpaba-q ): a;q [Mal,
(V ect Scalg aaBbwBw CalvaBb-w ): b Mlal,8w [Vlal,
(V ect Add) VaBw,;vaBw [CFvBw+w ): w;w  [Mal,
(V ect Cros9 VaBw,vaBw CvXviBwxw ):w;w [Val,

(Map Given) aija B bij; aka B be CIal; a (A8 ;b ): byj; be Mal,8det(by;) £ 0
(Map Comp) MABBM ABB [CMI-M pE2B-B ): B;B [Maly

(Map Inv) MaBB CMI,0B' 1 ): B MMaly,
(Frame Shift ) MaBB;Aag Be CMJA]A B¢ ): B [MMaly,
(V alue) ealBe ): € MMaly,

BHS( #: (6/$/ "7I$ ICY"I$S , $(",)-6(:#'5,"& W™ I$UH*&/*I OI(BII* (6] $=*(,1()! #%/",()#*$

#5 &, (, (I"+$ *& $/+,*()! #%/",0#*$ #* ., 7'1$; 0()$ 1,.5= (# 16/'> (6,( (/"+$ #: $#'( #+%'(/
(# [7/+/%($ #: Valg, D#(/ (6,( (6/ "7/$ (Point Origin ) ,*& (Vect Unit) +,>/ /$$/%(),7 '$/ #:
(6] 1" *( "+ <6 "TI$ (Scalar Arith ) *& (Map Given) ,"/ %,"(),7? (6/=1,* 1'$/ E&).)&
9= F/'# 8 EF/"# &J(I"+)**( 8 *& #(6/" I"#'$; G#5/./"8 (Map Inv) )$ ,75,=$ &/2*/& 9'$/ ):
Ma D3B8 (6/* B +$( 9/ )*/"097/ 9= (Map Given); <6/ (Frame Shift ) "7/ 6,$ ,7"/,&= 9/*
&)$I'$S/&; <6/ (V alue) "7/ *#"+,77= W+$ ) # %7,= (I, 9=H. 7' $9$0(O#* &1 (# %"#!/$$
V(O LT (6,(5,%,7,&= 1,7, (1& ) S+ 2+ )$ *#( (61 1,7, (1& )* (6 1""*(

o+ B##I'8 $)*/  Val, = Vare8 (6/ (Value) "7/ WIS T$# (6/ 1. 7',0#* # 16,/7$ (#
(6/+$/7.181 (6,()$8 Xca B Xc;



! "HS%&"E () "V%&
In the formulation of our results we also require the notion of C(A), which is the application of
the map C to all the value subterms of A:

Definition 21. Map Application on Data
For C = [A; pIValy, define

Ce) , A-e+p if ¢ [Mal, (on points)
Ce) , (1°A=l)(e) ife [ Mal, (on vectors)
Ce) , ¢ if ¢ [Mlaly, [Vlal, ['Vlal; (on scalars, maps, and channels)

C(A) is the term obtained by replacing all the value subterms € of A with C(€).

The choices in this definition are simply explained by examples. Consider the term A =1 [1} 0; 0[#
[_cbntaining the fixed value t [} 0; 0[Jand the relative origin [, with reductions (by (V alue) and
(Point Origin )):

A =1 [M0;0F 1 AB 1 [110; 003 A([M 0; 001
C(A) =C(rmo;00+ kA B C(rmMo;00H+ (C-A)(MO0;0m

That is, for € =1 [11 0; 03 A([™ 0; 0D)J we have:
ApBe and C(A)ca BC(e)

Similarly,B[ OB (A - B)([1 0;00dand C(B[[D) = B[O da B (C>A-B)([M0;000= C((A °
B) ([0t 0; 00)), where C(B) = B because maps B are arrays of reals, and like reals are not affected by
mapping. This suggests the general form of our next theorem:C(A)c o B means applying an extra
C separately to the values inside A via C(A) (which are then not modified by the (V alue) rule),
and to the other terms inside A via ¢ o B . The proof of Theorem 22 uses geometric facts that are
derived in Appendix 1.

Theorem 22. !"#3$! %&S$'( )*+,- ,"& .$-$
C [DIDaBe [AD)ca BC(e)

/&",0 The proof is by mutual induction on the derivation of Ap B €; that is, by induction on the
conjunction of 5 statements for the 5 sorts of A, as given in the 5 cases below.

When A = g, the € of the various sorts fall into the respective subcases. Since all these subcases
are handled equally, we show the (V alue) case first:

Rule (V alue): Show that C [Cglea 3 € [ C(E)ca BC(€), for € of any sort. Then, by (V alue)
C(A) =C(e)ca BC(E).

Case ( = c): Show that C [, AxBXc CC)ca BXc. Then, Ax B Xc is the consequent of
Rule (V alue) or:

Rule (Frame Shift ):MaA B B;A’A BB x, [CMIA’]paBXc. Since C [CMI[A’], we have C [CM
and C CAI. It follows that C(M)ca BB and C(A’)cas B Xc¢ (by induction). Hence C(M [A’]) =
C(M)[C(A)]c a B x. by (Frame Shift ).

Case ( = a): Show that C [C@alanBb [CC(h)ca Bb Then apBbis the consequent of Rule
(V alue) or one of the rules:

Rule (Scalar Real): raBhb. ThenC(r) =rca B b (by (Scalar Real)).

Rule (Scalar Arith ): aja By CI(@&)a B f (by) with i CI3arity (f). Since f (aj)a B f (b)) we know
that f () is defined. Then C(f (a;)) =f (C(ai))ca Bf () (by induction and (Scalar Arith )).
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Rule (Scalar Dot) vaBw;viaBw! [CveV!s B wew!" #$%UC [CEI(3)&C(vev!) =C(v)eC(V!) ca B C(w)eC(w!)
') *$%+,-*.$ #$% (Scalar Dot)/ = wew! '() 01.2& 3&456/&

Rule (FrameShift )) =a/ MaGB;alag Bb [CMIal]aBb& 7*$,8C [CMJa!]' 98 :#8 C [M
#$%C [Cal& <- =.>>.9? -#C(M)ca BB #$%C(al)cag Bb'() *$%+-*$/& @8$,8 C(M[al]) =
C(M)[C@Hlca Bb( (Frame Shift )&

Case' =p/ 7:9-# C CplpaBq CCTh)ca BC(Q)& ABSpsEq*? -8 ,.$78B+8%- .= C+>8
(V alue) .1 .$8 .= -:8 1+>8?

Rule (Point Origin ) L[ABA(MO;00& C(D)F [cAB(C~A)(DO;000'() (Point Origin )/ =
C(A(@ 0; 001

Rule (Point Move) vaBw;plaBq [CvApaBwu g&C(v+p!)=C(v)+C(pHca BC(wW)u C(q!)
') *$%+,-*.$ #$% (Point Move)/ =C(wu ¢!) '() 01.2& 3&456/&

Rule (Frame Shift )’ = p/ Ma3B;plag Bq CMIpa30& 7*$,8C CMI[p]" 98 :#:8 C [M
#$%C [CPB <- =.>>.97 - #E(M)ca BB #3%C(p)cas B C(Q) () *$%+,-*$/& @8%$,8C(M [pl]) =
cCM)[C(E)]ca BC@ O (Frame Shift )&

Case' =v/ 7:.9-# C [MjvaBw [CC¥)ca BC(W)& A:8$vaBw *? -:8 ,.$?78B+8%- .= C+>8
(Value) .1 .$8 .= -:8 1+>8?

Rule (VectUnit) 1x ABA(I0;0D& C(1x) =tx ca B(C o A)(IO0;0D0'() (VectUnit) =
C(A(M10; 0D1& 7*D*>#1>) =11 #$%1,&

Rule (Vect Su) pa3q;paBq [pFplE3g-ag&C(p—p!) = C(p) = C(phca BC(D-C(a) "0
*$%+,-*.$ #$U%(V ect Suh/ = C(q=q!) '() 01.2& 3&456/&

Rule (Vect Scal§ anBb;jvaBw [CalvaE8b-w! Cla-v) =C@) - -C(v)caBb-C(w) "#$
%&'()*%+& ,&'(V ect Scalg- =C(b-w ) "#$ ./+0! 11234-!

Rule (Vect Add)5v poBw ;veaBw6 v #+vedw +w6!C(v +v6) =C(v) +C(vB)ca BC(w) +
C(w6) "#$ %&'()*%+& ,&'(V ect Add)- = C(w + w6) "#$ ./+0! 11234-!

Rule (Vect Cros95v aBw ;veaBwe v kvedw xw67 ,& C CSE(3)! C(v xv6) =C(v) x
C(vB)ca BC(w) x C(wb) "#$ %&'()*%+& ,&'(V ect Cross)- = C(w < w6)"#$ ./+0! 11234-!

Rule (Frame Shift )* =Vv-5MaBB;vag Bw [CMJv]aBw! 8%&)% [MI[v]7:9;<9 C [M
& C V1 =* >+22+:@ *8(M)ca BB ,& C(V)cag BC(W) "#$ %&()*%+&-! AI&)O(M [v]) =
C(M)[C(V)]c A BC(wW) #$ (Frame Shift )!

Case" =m-5 8+ ** C CM,MAGB [ C(M)ca BB! B;9& MADB %@ *9 )+&@9C(9&* +>
D(?9 (V alue) +/ +&9 +> *9 /(?9@5

Rule (Map Given)5 ajja B byj; aa B be [CTal; a (B Mj; b [ >+4; j; k. CI1:3 &' det(lj) E 0!
B;9& C([&j; ax D)1= [Cl(aj); C(ak) [cla B Mij; b C1#$ %&'()*%+& ,&'(Map Given)-

Rule (Map Comp)5M A3B;M6,3B6 [CMI-M6 BB -B6! E9 ;<9 C(M M6 =C(M )-
C(M6)ca BB °B6 "#$ %&'()*%+& ,&(Map Comp)-!

Rule (Map Inv)5M o8B [CMI 4aB3B' M E9;<9 C(M'H=CM ) 1caBB'!"# %&(F
*0p+& ,&'(Map Inv )-!

Rule (Frame Shift )* =m-5M AB8D;M 6,p BB [CMIM 643 B! 8%&)€ M [M €7 :9 ;<9

C M ,& C [CM6! =*>+?22+:@ *C(M )ca BD ,& C(M6cap BB "#$ %&'()*%+&-! A9&)9
C(M [M€) =C(M )[C(MB)]ca BB #3$ (Frame Shift )!
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We now give a local frame shift result on processes that is the exact analog of the (Frame Shift )
rule on data given in Definition 20. This result uses all the (= Map:::) rules in the structural
congruence relation, except for the (= Map Comp) rule. The result depends on data computation
only in using the (Frame Shift ) and (Map Comp) rules. It would therefore hold for any data
sublanguages and data computation rules which were compatible with these rules. Recall that
process reduction, P —Q, was introduced in Definition 5.

MHEI0S &' IHS Y&H( )*+ -
MABB;Pag - Q L[MI[P]a—=M[Q]

&N/ The proof is by induction on the derivation of P pog - Q.

Rule (Red Comm): Apxg Be L[CIIX(A):P’ + P | 2ax(¥):Q + Qs - P’ | Q{y\e}. From
Ma B B, we obtain M [A]a B € by (Frame Shift ). By (Red Comm) we than have: !X(M [A]):M [P’]
+M[P”] | 26X(¥):M[Q]+M[Q"]a =M [P] | M [Q'Ky\e}. Since M4 B B, we know that M is closed.
Hence, for any variable y, we have M [Q’[{y\e} = M [Q’{y\e}]. Therefore, M [IcX(A):P’ + P” |
?76X(y):Q"+Q"]a =M [P’ | Q{y\e}] by (= Map Sum), (= Map Out), (= Map In), (= Map Par)
and (Red =).

Rule (Red Cmp): Aa g A" [Al=; A’:P’Ag - P’. Since Ma 3B, we have M[A]ag M [A']
by (Frame Shift ), so from (Red Cmp) we obtain M [A] =¢ M[A M [P’]a =M [P’]. Therefore
M[A =5 A':P’]a—=M[P’] by (= Map Cmp) and (Red =).

Rule (Red Par): P'ag - Q [P1|Rag - Q'|R. By induction M[P’]a —=M[Q’], hence
M[P 1| M[R]a—=M[QT| M[R] by (Red Par) and M[P’ | R]a =M [Q’ | R] by (= Map Par) and
(Red =).

Rule (Red Res): P’ap - Q [L(k)P’ag - (W)Q’. By induction M[P’]a =M [Q’], hence
(VX)M [P’]a = (V)M [Q’] by (Red Res) and M [(VX)P’]a =M [(vX)Q’] by (= Map Res) and (Red =).

Rule (Red=): P =P’ P'ag - Q;Q =Q [Pdg - Q. By (= Map), M[P] = M[P’] and
M [Q’] = M [Q]. By induction M [P’]a =M [Q’]. Hence M [P]a —M [Q] by (Red =).

The (= Map Comp) rule is not used in the proof of the theorem. This indicates that we might
restrict ourselves to a Dpi style calculus without the nesting of frames. In our nested calculus, the
derived reduction for nested process frame, using Theorem 23 twice, is:

MaBB;Nag BC;Pagc - Q [ NIPJag - N[Q] L[_MIN[P]]a—MI[N[Q]]

In a non-nested calculus, we could emulate this reduction, from the same assumptions, by:

MAaBB;Nag BC;Pagc - Q EM[N]AQC
CMeM[N]a3B=C LM >M[ND[PJ]a—(M =M[N]I[Q]

using (Frame Shift ), (Map Comp) and Theorem 23. In other words, if we had neither (=
Map Comp) nor nested process frames, we could still emulate M [N [P]]by(M <M [N][P]. But with
3 nested process frames, we end up with 3 nested frames on the maps. Hence we would still need
to handle nested frames at least on the data.

We show that we can shift process reductions to different frames. A shifted process does not
reduce to exactly the same process as in the original version, e.g. changing from Q to C(Q), but those
differences have no effect on process traces (under the usual [Cadsumptions). That is, differences
due to value substitutions in different frames can then cancel out because data comparisons remove
the values from the terms. The [rdlation extends to processes in the obvious way: C [Plholds if
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and only if C [CAlholds for all data subterms A of P, where C [CAlis given in Definition 10. C(P)
is the process obtained by replacing all the value subterms € of P with C(g).
"% $%& "#$%&"& ()**+"#

P=Q LCTIP)=C(Q)

$ll-. The proof is by induction on the derivation of P = Q. The interesting rules are the (= Map
..) rules; we look at two of them.

Rule (= Map): P’=Q [MI[P’]=M[Q’]. By induction C(P’) = C(Q’), hence C(M)[C(P)] =
C(M)IC(QM)] by (= Map), that is C(M[P’]) = C(M[Q]).
Rule (= Map In): M[?:Xx(Y):P’] = ?2sx(y)M[P’] (y £f¥ (M)). Theny £T1V¥(C(M)), and we
have C(M [?6X(y):P’]) = C(M)[?sx(y):C(P)] = ?26x(y):C(M)[C(P)] = C(%x(y):M[P]) by (=
Map In).

The [rdlation is extended to the process syntax in the obvious way: A [Plholds if A A
holds for all data subterms A of P, where A [CAlis given in Definition 4.1 2.
"# $'& P=Q [ALPI - ALQ)
,$lI-. The proof is by induction on the derivation of the derivation of P = Q.
Rule(= Symm): Q=P [PI= Q. Then by induction we have that Q=P [(A [Ql -« A [
P) and hence A [P1 « A [QI

Rule(= Map): P =Q [M[P]= MI[Q]. Then by induction we have(A [Pl = A [Q), hence
(A CMI[P] = A CMIQ)).

The other cases are routine because of the same data subterms on both sides.

"# $(& B [PIPn Q L[BILQ

BI1-. Reduction does not introduce new subterms, except for (Red Comm) where the result follows
from B Cehnd B CQ [ Bl CQy\e}, and for (Red =) where the result follows from Lemma
25.

To motivate the theorem, assume the data computation A B € which, by (Red Comm), implies
the process reduction:

Ic(A) | ?¢(X):x =€p—e=¢

Also assume C [CAl so we have C(A)c a B C(€") by Theorem 22. Hence by (Red Comm):

1c(C(A)) | 2c(x):x = C(e)ca —C(e) =C(¢)

and since C(Ic(A) | ?c(x):x = €’) =lc(C(A)) | ?c(x):x = C(€’) and C(e = €’) = C(g) = C(¢€"), we
have:

C(lc(Q) | ?c(x):x =€)ca —»C(e=¥¢)

For this example we have shown that P -Q [C(P)c a —C(Q). Although P has to be replaced
by C(P) in the shifted frame, the process shape P remains unchanged up to the embedded values.
Moreover the change does not affect data comparisons in that, if the comparison € = €’ succeeds in
A, then the comparison C(g) = C(€’) succeeds in C o A. This example suggests the statement of the
following theorem.
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"#$"% &'( Global Frame Shift for Processes
C [PJPA —»Q L[CiP)ca —C(Q)

Proof. The proof is by induction on the derivation of P —Q.

Rule (Red Comm): ApBe [CIIX(A):P +P” | 2:x(y):Q + Q' —P’|Q{y\e}, C [Th:s:. By
Theorem 22, C [CPI;ApB¢ [CC)ca BC(e). Hence, we can produce the following instance of
(Red Comm): IGX(C(A)):C(P’) + C(P”) | 2X(¥):C(Q’) + C(Q")ca —C(P)|C(Q){y\C(€)}. Since
C(QN{Y\C(e)} = C(Q'{y\e}), it follows that C(IgX(A):P'+P” | 2sx(y):Q'+Q")ca —C(P’ | Q{y\e}).
Rule (Red Cmp): Aag A’ L (A =5 A:Q)a—Q, with C (A =5 A”:Q). By Theorem 22, since
C [CAl=; A’ and [EA, B¢ and A’, B €, we have that [£1= C(€):C(A)ca B¢ and C(A)ca BE;
hence C(A)ca g C(4A’). Therefore, by (Red Cmp) we obtain C(A) =g C(A"):C(Q)ca —C(Q). It
follows that C(A =g A:Q)c a —C(Q).

Rule (Red Par): P’Aa—-Q’ [P1| Ry—Q’ | R, with C [CPTI | R. By induction, since C [PI, we
have C(P)c a —C(Q’). Hence by (Red Par), C(P’) | C(R)ca —=C(Q’) | C(R), that is, C(P’ | R)
ca =C(Q" | R).

Rule (Red Res): P'a—Q" L[C(IX)P’'A—(vx)Q’, with C [(¥x)P’. By induction, since C [1
P’, we have C(P’)ca —C(Q’). Hence by (Red Res) (vX)C(P)ca —(vx)C(Q’), that is, C((vx)P”)
ca =C((X)Q).

Rule (Red =):P = P’;P’A4—Q’;Q" = Q [CPA—Q, with C [Pl By Lemma 25, we have C [1
P;P =P’ [CI PI By induction, we have C [CPI;P’Aa —-Q’ [C{P’)ca —C(Q’). By Lemma
24, we have C(P) = C(P’) and C(Q’) = C(Q). Hence, C(P)ca —C(Q) by (Red =).

The following theorem establishes that barbed congruence is preserved under frame shift.

"#$"% &)( Global Frame Shift for Barbed Congruence
C [PIQ;PA =Q L[ CP)ca =C(Q)

Proof. Proof Consider the relation R = {[CI(P);C(Q)] Po» = Q}. We show that R is an (A = C)-
candidate relation. The statement then follows since if Po = Q then C(P)RC(Q) and C(P)ac =
C(Q). Fact: P Iy if and only if C(P) Ix.

1) Consider any [C(P);C(Q)0h R with P = Q. If C(P) ix then P lx. Since P = Q and
P 1x, we have Qa [Lglthat is, [QI:Qa— Q [ lx. By Theorem 27 and Lemma 26 we have
C(Q)ca — C(Q). Moreover Q’ 1y implies C(Q’) lx, and hence C(Q)ca [l The converse is

similar.

2) Consider any [C(P);C(Q)Hh R with Py = Q. If C(P)c o —P” then, by Theorem 27, C' 1(C(P))
c1ca —C Y(P?); that is, Pa—P’ = C' Y(P”). Since Pa = Q, there is Q’ such that Qa — Q’
and P’p = Q’. Hence, by Theorem 27, there is Q" = C(Q’) such that C(Q)ca — Q”. Rewrite
P'a = Q as C' 1(P")a = C' 1(Q”); then, by definition of R, C(C' *(P™)) R C(C' 1(Q”)); that
is, P’"RQ”. We have shown that if C(P)ca —P” then there is Q” such that C(Q)ca — Q" and
P”RQ”. The converse is similar.

3) Consider any [C(P);C(Q)ln R with P» = Q. For any observation context I, C' 1(I") is an
observation context, and hence we have that C' 1(I"N)[P]a = C' (IN)[Q]. By definition of R, we then
have that C(C' *(M[P]) R C(C' }(MN[Q]), that is F[C(P)] R IC(Q)].

I"#$"% &*(  Relativity (Theorem 13)
G-equations are G-invariant, and hence invariant across G.
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Proof. " A [GAQ3) '$% B [G [CGAQR)& 1$% I"O# *+I*x PY = QY !1-L. $ A& *+I*
J&PY = QY 01 +#23#) 45& '$6# B [PI";Q"& # +7# B(P)sa = B(Q”) 0* P'&Q"
13# 8(3#& '2 # 29%1.$ Py, = QY 1% +#$6#P 7 = Q" ! -L. .$ Bo Al 287#3#-1& I"()#

PY=QY '1-.$ BoA&*!*'P/, =QV/ 01 +#23#) 45& ',$6# B' 1 [P1";Q"& # +IT#
B'1(PV)g 154 =B 1(QV) <1,$& P/ =QV& %P = QY 1 -1 .$ A/ =# +IT#'+2.$

I Go#2(1%,28 13# G>$713,1$% 0% PV =QV 1 G>#?2(1*,2$& 1$% +#$66>,$7!3,1$*& 1$%
A AB LA @RY =QY [ 1-1.,$ A*+#$& '$6MB A L [E& *, 1211 $ BoA loA

91 %#B$,*,2$ 26> $7!13,1$6#& 1$% +#$6# * ' | -1 $ B/ =H +I7# '+2.$ *+I*  G>#?(1*,2$' 13#
$713,1$* 1632" G/



