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INTRODUCTION

C\stes, Su}ac\asses, MeH\ocls, Se\ ,

O)D\)ec)’-orien;’ecl \o«nsuases \'\ave o \o\?e number o? builk-in conce}o;'s:
De\esa)’ion, Overriclinf), e)’c.

Messase—?qssins, Tnheri*omce,

COJ') we LAnClel”S;'QnC' H’\ese COHCEF)’S in ;‘erms 0? (Q sma“er num)Der

o«p more }Dqsic conce)a)’s?

Can we )’um H’\is new unclers)'o\nclin in;'o betrer anol more enerq\
N 9
)orosrqmming -Peo\)’ures?

We ;'rs Hhis in Fhe con)’ex)‘ O-P (ex)‘ension op second-order \qm)?cla—

CQ\CU\US .

(Second-order \Qm}aclq-cq\cu\us \'\o\s been successfu“b used to model
ex’:\ici)'\?—)oo\bmor)o\ﬁc \ansuoses, i.e. \omgu\o@es where one con exr\iciH\cj
a}as;'ro«c over )’gj)aes).
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UTLINE

Record Types and Subkypes
Subtyping and Genericity
Methods (and Classes)
Ceneric Methods (and Classes)
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PART |
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FECORD TYPES
AND SUBTYPES

?egorcls

{
{a=3, b=true}

{b=true, a=3}
{{a=3} | b=true}
{a=3, b=true}\b
{a=3, b=true}\c
{{a=3} <- a=true}
{a=3, b=true}.a
{a=3, a=4}

{{a=3}| a=4}
{a=3}.b
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em )' l"eCOY‘Cl
)93 OOI)’\'\ )’(«30 ]Ge\cls

recor

= {a=3, b=true}

= {a=3, b=true}

= {a=3}

= {a=3, b=true}
{{a=3}\a | a=true}

=3

?egorc‘ ;’5 Fes

:{a:Int, b:Bool}
{a:Int} \b

{3

:{b:Bool, a:lnt}
:{a:Int, b:Bool}\b
{{a:Int}\b|] b:Bool}
:{{a:Int} <- a:Bool}
:{a:Int, a:Bool}
{{a:Int} | a:Bool}
{{a:Int} | b:Bool}
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records wiH’\ g;' \egs)’ some ]C’}eus

({a=3, b=true,
recorcls ggiHjo;A' some

Qn rQCOI‘JS

c="ab"}, {a=3})

Pelds
({a=3, c="ab"},

{a=3, b=true})

), {a=3}, et

= :{a:Int, b:Bool}
= :{aInt}\b
= :{a:Int, b:Bool}

:{{a:Int}\a | a:Bool}

Record kinds

:: TYPE the kind o]p all )'bloes
21 {} the kind OF ol record ;'b,aes (e.ﬁ. {a b:Int}\c, Int)

::{a, b} Yhe kind o -P ol record ;':jloes Yot have some com,aonen)'s
(es {a b:Int}\c, {a:Int})

{J\ab e kind oF HYose record k:)}oes Yot do not have a or b
comFonen}'s Ce. 9 {ciint}\a b)
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Record volue variables

{r] b=true} r must not have b Gee. r:{}\b)
r.a r must have a Gee. r:{a:T})
r\c r moy or may not have ¢

—n'\e in-PormoA’ion Q)DOUA' oo\'\q-)' r mus)’ or mus)’ no¥ \'\Qve is
"remem)oerecl“ in i)’s )'Sre:

let f(r: {a:Int}\b): {a:Int, b:Int} =
{r <- a=r.a+l | b=0}

f . {a:Int}\b -> {a:Int, b:Int}
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ecord ¥5Fe vg:igb\es

:{R c:Bool} R must not have ¢

let f(r: {R a:Int}): {R ab:Int} =
{r <- a=r.a+l | b=0}

f: {R aInt} ->{R ab:Int}

PBut where is R (which must not have a or b) bound? The
in?ormo&'ion O«)DOU\')' w\'\oA’ R mus‘)’ omcl mus)’ no)’ \’\ave is "remem}oerecl"
in its kind:

let f(R:{}\ab)(r: {R aInt}): {R ab:Int} =

{r <- a=r.a+l | b=0}

f : Fun(R:{}\a b) {R aInt} ->{R a b:Int}
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i dis

—n'\is is an exam)n\e o]pq si)’uq)’ion w"\ere one ooan)'s )’o eml:ecl a
s)‘ruc)’ura in)’o a bi&ser one. On suH’ Fes, H\e clomain omcl ronge

;'SFes c\'\qnse in unison, omcl H\e semanTics s’)’a:js H’\e "sqme .

Point

S ANE’

ColorPoint Disc

iNe S

ColorDisc
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Let Point = {x y: Int}

Let Col orPoint = {Point <- rgb: RGB}
Let Disc = {Point <- r: Int}

Let ColorDisc = {ColorPoint <- r: Int}

let p: Point = {x=3, y=4}
let cp: ColorPoint = {p <- rgb=red}

I et discOfPoint(p: Point\r): Disc =
{x=p.x, y=p.y, r=1} or {p| r=1}

I et cDi scOf CPoi nt (cp: Col orPoint\r): ColorbDisc =
{cpl r=1}

Wednesday, October 26, 1988 Page 12




ovi oi *’

_n'\is is an exam)o\e OPQ si)‘uq;'ion w‘\ere one wo‘n;’s )’o c\m\nﬁe an

exis)’ing s)’ruc)’ure. On sub)'\cj)oes, H’\e Aomain anJ resun’ )’\leoes c\'\omﬁe

in unison, omc‘ H’\e seman;’ics s;'m:)s H’\e "same".

Let Point = {x y: Int}
Let Col orPoint = {Point <- rgbh: RGB}

let p: Point = {x=3, y=4}
let cp: ColorPoint = {p <- rgb=red}

i )"e )‘e:

| et incXof Point(p: Point): Point =
{p < x=p.x+1}

| et incXof CPoi nt(cp: Col orPoint): ColorPoint =
{cp <- x=cp. x+1}
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Pattern-matchi shule:

| et incXof Point({x=px, y=py}: Point): Point =
{x=px+1, y=py}

l et incXofPoint ({r| x=px}: Point): Point =
{r] x=px+1}

’LmFEI"Q;’.lye s)’g‘e:

|l et incXofPoint (p: Point): Point =
p.X 1= p.x+1
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Co ;'i lumens

_n'\is is an example o unction H’\ ¥ c\'\ naes domain tupe and
ol o o o ang a Y ol
semanhcs on sub¥§res;ﬁhefesu\¥ ;'S)oe is cons;’om*. F

Let Point = {x y: Int}

Let Col orPoint = {Point <- rgb: RGB}
Let Disc = {Point <- r: Int}

Let ColorDisc = {ColorPoint <- r: Int}

l et lumensOf Point(p: Point): Real =
pi xel Lunmens
I et lumensOf CPoi nt(cp: ColorPoint): Real =
| umensOF Poi nt (cp) * rgblntensity(cp.rgb)
l et lumensODisc(d: Disc): Real =
lumensOfPoint(d) * pi * d.r * d.r
I et |umensOf CDisc(cd: ColorDisc): Real =
either | umensOf CPoi nt (cd) * pi * cd.r * cd.r

or | umensOF Di sc(cd) * rgblntensity(cd.rghb)
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Record sg):*’a,aing

Let Point = {x y: Int}
Let ColorPoint = {Point <- rgbh: RGB}

Yhen: Col or Poi nt <: Poi nt subtupi

because Col or Poi nt has oll the otrributes O-P Poi nt . This is
su):')’s}oinf) in "woidbh".

So, Poi nt is H’\e )’S]ae o«P q“ H’\e records w\'\ic\'\ \'\ave OA’ \eo‘s)‘ X oncl

y comFonerA’s.

Now, Poi nt\r is H’\e )'bFe O«P Q“ H’\e records w\'\ic\'\ \'\Qve OA’ \eas')' X
and v, but no r.

hence: Poi nt\r <: Point
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S"'rug)’urg\ su}ak:;j?in%:
Ln'\eH'\er:

Let Point = {x
Let Col or Poi nt

Int}
{Point <- rgb: RGB}

<

or:

Let Point = {x y: Int}

Let ColorPoint = {x y: Int, rgh: RGB}
shll.  colorpoint <: Point

)Decause Col or Poi nt \'\O\S a“ H\e aH’ri)Du;'es OP Poi nt, no maH’er \wooo
Phey ore conshrucked.
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Let Rect = {tl br: Point}
Let ColorRect = {tl: ColorPoint, br: Point}

Col or Rect <: Rect
because all the ottributes O-F Col or Rect are suH’:ﬁFes of” Hhe

res}:ec)’ive atrributes OF Rect . This is su):*:j)ainﬁ in "cle}:‘)' "
)" e ')'

Let Disc = {Point <- r: Int}
Let ColorDisc = {ColorPoint <- r: Int}
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PART 2

SUBTPING
AND CENERTCT
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Su‘:sum#ion
T_]P a: A and A<:B Hen a: B

Let Point = {x y: Int}

Let ColorPoint = {Point <- rgb: RGB}
Let Disc = {Point <- r: Int}

Let ColorDisc = {ColorPoint <- r: Int}

let p: Point = {x=0, y=0}

let cp: ColorPoint = {p <- rgb=red}
let d: Disc = {p < r=1}

let cd: ColorDisc = {cp <- r=1}

—n\en, }9:3 su)osum}o)'ion:

cp: Point
d: Point
cd: Disc, cd: Col orPoint, cd: Point

Also:

cp\r: Point\r
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Loss o enericit

—nwe crude use of) su):sum):)’ion causes loss 0{7 senericﬂg:

Making o dise:

l et discOfPoint(p: Point\r): Disc =
{pl r=1}

Then di scOf Poi nt (cp\r) is \250\, }93 su}DsumF;‘ion.
Note however that di scOf Poi nt (cp): Disc.

ovi oi ;':

| et incXofPoint(p: Point): Point =
{p <- x=p.x+1}

Then i ncXof Poi nt (cp) is \esq\, )95 su‘asum}:‘)'ion.
Note however thot i ncXof Poi nt (cp): Point.
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ounded @ Yificotio

Ue con recover enerici)’ )9 }Ds)'r c)’in over fuypes, so H\ Y we
o 9 9 Py abstraching pes: o
can exFress in,nﬂ'—ou*)au)’ )'f_'ﬂ’e cle)aenclencies.

ue cah q\reaclb Q}DS)’I"QC* over a“ )'bloes ):e\onsing ;'o a Siven }zincl,

as we \'\O‘Ve seen:
let f(R:{}\x, r:{Rx:Int}): {RIx:Int} = ...

We s\’\q“ a\so o\“ooo Yo Q‘Ds;'rqc)' over q“ H’\e suH’:ﬁ}oes OF o Siven
)’SFe, )ij )zogmglegl q;mn)'igggﬂ'ion:

let f(R<:Point, r:R: {R<-x:Int} = ...

Cn'\ese )’L\JO (AJO\SS 0{7 o\)Ds;'rqc}’in over ;’3)925 are QC)’UQ“S SFGC‘Q\

coses O«PQ sinS\e mec}\omism, ookic we ooon')' \c)e;' in)’o \'\ere.)
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Makins a disk, Senericn“s

ue ooom)’ o) clisc—mq\?ins Func)’ion H’\Q)’ re)’urns o Disc w\'\en Siven a
Point, and a Col or Di sC when Siven o Col or Poi nt .

let discfy(P<:Point, p:P): {P<-r:Int} =
{p<- r=1}

di scfy(Point, p)
{Point<-r:Int} = Disk

di scfy(Col or Poi nt, cp)
{ColorPoint<-r:Int} = ColorDisc

(gnoH\er Fossibi\i;'b:
Let discfy(P<:Point\r, p:P): {P| r:Int} =

~ A{pl r=1}
(>1| scfy(Point\r, p\r)
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M0vinq o boin;'. o.enerion“u
J I J e |

We ooom)’ an increment-x ]Ounc)'ion H’\Q)’ refurns o Poi nt w\'\en 3iven a

Poi nt, o Col or Poi nt when 3iven o Col or Poi nt, e,

let incX(R<:Point, r:R: {R<-x:Int} =
{r <- x=r.x+1}

i ncX(Point, p): Point

i ncX( Col or Poi nt, cp): Col orPoint
incX(Disc, p): Disc

incX(Col orDisc, cp): ColorD sc
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No)'e: ooh:j nO}'

let incX(R<:Point, r:R: R =
{r <- x=r.x+1}

Toke [0..9]<:Int so Fhot
Poi ntLT10 = {x,y: [0..9]} <: Point

i ncX(Poi ntLT10, 9) does not have lrg),,e Poi nt LT10

C:D’ is no¥ eas \H‘\ou \'\ ossi):\e ‘o \ ce run-)’ime c\'\ec)? or <lO.
asy, ol 9 , o

gnbwa , simi\ar exam}o\es c’:n ‘ae ccns)’ric)’ecl wiH\ oH\er h:”ai in

P\ace o% in)’esers omcl suloromses, -Por w}\ic‘\ suc\'\ c\\ec\?s )oecome

ar)oi;'rari\s ccm)o\ex.)

—n'\is s\'\ooos H’\OA’ H’\e res)'ric)'ion qncl ex)’ension o]oero}ors are necessary,

even i«F) we a\rem{cj have bounded quom)’i-PlcoA'ion.
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Wednesday, October 26, 1988

METHODS
(AND CLASSES)

C on)’mvgl‘imge

Eve unc;'ion re;'urnin co\or oin)’ \so re)’ums oin)’ (i norin.
i 9 @ @ @ N N
H\e co\{:r): F P

f: T->ColorPoint = f: T->Point

EverS Func;‘ion qcce):)’ins a Foin)‘ a\so acce):)‘s a clisc (isnorins H\e

rodius):
f: Point->U = f: Disc->U
Com}oinins e Ywo:
f: Point->ColorPoint = f:D sc->Point

—n\ere-Fore N

Poi nt - >Col or Poi nt <: Di sc->Poi nt
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Iﬂ 52“ eY‘Q\ B

T<T WU

T->U <

T ->U
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Non -Seneric Methods

generq\ icleq: senclins o message m o an o)o'ieg;' r.
Porl‘:R, r<=sm = r.n(r)

oo)'\ere m R->T is a meH)m:l Gits ]Grs)' ):qume;'er is ﬁp.
A common case: T=R)
Hence R={... m R>T ...}.

Nooo consicler a su)o-)':j)oe S<! R, H’\en we s\'\Ou\cl \’\qve:

]Por s: S, s<=m = s.ms)
where m S->T. Hence S={... m S>T...}.

’BUA' S->T is no;' a su‘:)’ )ae ot R->T (H\e omoosi)’e is )’rue, )Decause
3 is [Alse H’\o} S<: R (}Decquse OP Heir m

o? con)‘rovqriomce) \'\ence i

com':onen)’), con;'ro\clic)’ion!
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Crucial observation.

The reason S<: R above must be Fa\se is os f;o“ows. Assume that
Yhe method m implemented bu f: R >T in R is overridden )ij a
gunc)’ion f':S->T in S Cwhich uses the additional com)oonen)’s of S).

ow Yoke 1R and s:'S; )9:3 subsumption s: R, hence s. mr) is esa\.
But s, mef ) ond r does no¥ \'mve he com)oonen)'s f! requires.

However s.mM(r) connot ever \mﬂaen, if? we use the method
Q}D)Drevia;'ion consis)’en)’\b (see q):Ove). T we resFec)' H\is conven;'ion,
we con sa??-\b use a covariont rule -For methods, and as o

consequence we oH’qin S<!R, as desired.
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Hence we ex)’encl recorcls ooiH'\ s)aecia\ ”meH\ccl" com)oonen)’s, sa;'is%ing

Hhe ?o“oooins glgss-gorm:

{... mthod m R->T ...} or R<:R
... method m S->U...} or S<: S

R
S =

An %&& is a record with methods.

Methods can on\g) be accessed )95 e "send" notation:
r<=m (= r. m(r))
MeH\oc‘s \'\Qve a s)oeciq\ su)o‘)’brins ru\e, iSnorinS H\eir Jomain:

S<:R |{) ond U< T and ...
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e)'oc‘:l. ens o oi¥

Let Rec LPoint =
{Point <- nethod | unens: LPoint->Real }

| et nmakelLPoint(p: Point): LPoint =
{p <

nmet hod | unens(self: LPoint): Real =
pi xel Lunmens

Let LDisc =
{LPoint <- r: Int}

Note: LDisc is ooe“—?ormecl, ond LDisc <: LPoint (non—)’rivia\), since

LDi sc has the g\gss-%orm:

LDisc = {... method lunens: LPoint->Real ...}
«Por LDi sc <: LPoint
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’Lnberihn% a meHjogl
| et makelLDi sc(p: LPoint\r, r: Int): LDisc =
{ol r=r}

makelLDi sc(p\r, 0): LDisc

verridi e)’ od:

| et makelLDi sc(p: LPoint\r, r: Int): LDisc =

ethod: Movi oint

Recall: the Seneric increment-X unction:
let incX(R<:Point, r:R: {R-x:Int} =
{r <- x=r.x+1}

Let Rec MPoint =
{Point <- method incX: MPoint->MPoint}

| et makeMPoint (p: Point): MPoint =

{p

ip <- method incX(self: MPoint): MPoint =
<- I umens(lsel f: LD sc) :I fReal :If i ncX(MPoi nt, self) <- sFecia\izecl incX
pi xel Lumens*pi *sel f.r*self.r }
[ r=r
}
No;'e: overriJinS | unmens ’:reserves H\e c\ass—Form 0{7 LD sc.
Wednesday, October 26, 1988 Page 33 Wednesday, October 26, 1988 Page 34
Tnberﬂ'in% a meH)oal verridi ethod:
Let MDisc = Let MDisc =
{MPoint <- r: Int} {MPoi nt

| et makeMDi sc(p: MPoint\r, r: Int): Mdisc =
{pl r=r}

But ](7or d: MDi sc, d<=i ncX: MPoi nt

Problem: +he )’g))oe o-F) Yhe i ncX method is not 3eneric enOu\cjk.

Wednesday, October 26, 1988

Page 35

<- nethod incX: MDisc->Misc
<-r: Int}

| et nakeMDi sc(p: MPoint\r, r:Int): Misc =
{p

<- nethod incX(self: MDisc): Misc =
i ncX(MDi sc, self)
| r=r}

Tor d: MDi sc, d<=i ncX: M sc

Mm: H\is wor}zs, }Du)’ we hac‘ ;'o cwerricle o meH'\ocl Jus‘)’ )’o
c\'\anse its ;‘SPe: f)ai\ure o{) Senerici)ﬁ.
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Non-generig C \ggses

A glag is a record ;'SFe in c\ass-{)orm:

R={... method m R->T ...} PorR<:R’

A &Mm is a sub;'b)oe o?a c\qss, accorclinﬁ Yo the method
su):*sloinf) ru\e:

R
S

{... mthod m R->T ...} or R<:R
{..

. method m S'->U ...} or S<: S
S<:R |F and U<:T and ...

No)’e H\ ;' we are usin s)’ruc)’urq\ su):)’ in so H\Q;' subc\asses clo
o a Y s
no)’ \'\ave Yo )pe "clec\o\reﬁcl“. P

Wednesday, October 26, 1988

Because O-F) s*ruc*u\rq\ su)o')'b':ins, we im)o\iciHb o)o‘)’oin mun’iFle
inheti):gnce .

To )Dui\cl c\ ss C in\'\erihn rom ')’wo su erc\ sses Q ncl B we
a cla 9 o ol ,
could Q“Ow Yhe s:jn;’ax: {) P

Let C=A and B
as an Q)D)Drevioé'ion -For:
Let C={A < b1 ... <- bp}

Note }\owever H’\OA’ H\is is o‘clmissi}n\e 1{)3 is com)c\e)re\ﬁ “\Qnooon" ‘o
be {b1, ..., bn} Cwhich is the common cose), but not in Senera\

i B is hos the -F)orm {B| by ... | bn} where B is a (ambda-
abstracted) )—aloe vqria)o\eA
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PART 4 %enerig Methods
—nwe no)’ion OF meH’\ocls consiclerecl so ?Qr does no)’ ex)’encl nice\b Yo
%Mmmm meH\ocls OF H\e -Form m R->R, as we \\owe seen in H\e ineX
(ﬂN’D CLQSSES) exam}o\e; such methods must be quqme)'ric, so H’\OA’ when H’\e:,) ore

inkeri)’ecl }Db a su):c\ass S<: R, H‘efj will \'\owe )’b)oe m S ->8S, ancl
not m R->R
Hence meH'\ocls s\'\ou\cl }92 Seneric:

f’orr:R, r <= m = r.-mR r)
—n'\is requires moo‘i?sins our Q\QS_S;&IIQ:

R={... method m Fun(S<:R, s:9 T ...} -PorR<:R'
Su)o)’g)):in\cj iﬁnores R .
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Let Rec MPoint =
{Poi nt <-
met hod i ncX(R<: MPoint, r:R):{R<-x:Int}

let p: MPoint =
{x=0, y=0,
met hod i ncX(R<: MPoint, r:R):{R<-x:Int}
{r <- x=r.x+1}
}

p<=incX ( = p.incX(MPoint, p)) : MPoint

Let MCol orPoint =
{MPoi nt <- rgb: RGB}

Wednesday, October 26, 1988
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:\__Dberihn% a meHgocl

let cp: McolorPoint = {p <- rgb=red}

cp<=incX (= cp.incX( Mol orPoi nt, cp))
MCol or Poi nt (—Finq“s!)

erridi e)’o

let cpl: MCol orPoint =

p
<- method incX(R<: Mol orPoint, r:R)
: {Re-x:Int<-rgb: RGB} =
{r <- x=r.x+1 <- rgb=invert(r.rgb)}
<- rgb=red}

cpl<=incX (= cpl.incX( Mol orPoint, cpl))
MCol or Poi nt

Wednesday, October 26, 1988 Page 42

%enerig C\Q@ses

A g\gg is a record ;'SFe in c\ass—{)orm:

R={... method m Fun(S<:R, s:95 T ..
For R<: R

A SAA)D_ClQS_i is a su)ﬂ‘moe OFO‘ c\ass.

NoH’winS e\se is s):vecia\.

Wednesday, October 26, 1988
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CONCLUSIONS

s H’sis Yoo com)o\ico}ecl?

MQS}DQ, }Du)' we H’\in\? H’\is Jus)’ goes )’o s\'\ows H’\OA’ )Dasic ic|eas in o-

o \Oﬂ UQSGS are com)a\ex (\'\Obo mqnfj Feor\e JO :jOLA knooo OO\'\O 0\3)"26

on w Q}— o-0 ‘Qnﬁuo\ﬁes Qre?).

Com):\ex iCleQS are ;’\'\e ones ;’\'\0} mos)’ neecl {70!‘7'00‘\ ')’reoé'men;’. ue are
51vm3 T o l":j
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APPENDIX: Type Rules

Judgements
FEenv E isan environment
EFKkind Kisakind EFA:K A haskind K
E+ A type Aisatype EFaA ahastype A
(sameas EFA:T)
EFK<iL K isasubkind of L EFK<i>L equivalent kinds
EFA<B A isasubtype of B EFA<>B equivalent types

Equivalence of kindsand t
(Omitted. It involves reflexivity, transitivity, congruence,
typed B-conversion of type operators, and expansion of recursive types.)

Conversion
EFAZK EFK<i>L EraA EFA<>B
EFA:L Eta:B
Inclusion
E - K kind EFAtype
EFK<:K EFA<A
EFK<:iL EFL<:M EFA<B EFB<C
EFK<:M EFA<C
Subsumption
EFAZK EFK<:il EFaA EFA<B
EFA<L Ela:B
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EFAtype xODom(E)

Environments

FOenv EFKkind XODom(E)

FE, X:K env
Variables
FEenv  XODom(E) FEenv_ xODom(E)
EF X E(X) EFx:E(X)

Thekind of types

FEenv

EFT kind

Thekind of operators
EFKkind E, X:KF L kind
E+N(X:K)L kind

EFKkind E X:KFB:L

EFAX:K)B @ M(X:K)L

EFB:NX:K)L EFAIK
EFB(A) = L{X A}

EFK'<tK E X:uK'FL<iL'

ELR=<uR ARl

EF NX:K)L < NXEK)L!

FE,x:A env
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The type of polymorphic functions The type of data abstractions
E-Kkind E, X:KF Btype EFKkind E, X:KF Btype
EFN(X:K)B type EF Z(X:K)B type
EFKkind E X:KEbB EFA:K EFBX-A}:B{X-A}
EFAX:K)b @ M(X:K)B EFX:K=A, b0: X(X:K)B
EFbN(X:K)B EFA:zK EFcZ(X:K)B EFDtype E X:K,y:BFdD
EFb(A) : B{X~A} EFletX:K,y:B(=cind : D
EFK'<tK E, X:K'F-B<:B' EFK<:K' E X:KF B<B'
EFN(X:K)B <: N(X:K")B* EF Z(X:K)B <t Z(X::K")B'
The type of functions
Thetype of pairs
E-Atype EFBtype
EFA-Biype EFAtype EFBtype
E - AxB type
EFAtype E xAFbB
EFAGcA) : A~B Efan Erbx-a:B
EXA=a b0: AxB
EFbA-B ElaA
EFb@:B EFCAxB EXAyBrdD
ErletCxA,y:BO=cind : D
EFA<A EFB<B'
EFA-B<A-B EFA<A' EFB<B'
EF AxB <: A'xB'
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Record kinds
u

u =
RECORD
{u\v =

FEenv

acountable set of labelsudU
u, u

s the kindof functionsin U — TY PE with finite domain
thekind of functionsin RECORD which are defined over u and not defined over v

FEenv FEenv

EF{u}\vkind

FEenv

EF{uu}\v<:{u}\v EF{u}\vw < {u}\v

FEenv FEenv

FEenv

EF{uuu} \v <> { uup\v

The type of records

E F{u} Wy <i:> {up\vw EF{uu} \v <> {uu}\v

Formation
FEenv EFR:{ul\w EFAtype
EF{} ={} EF{R|V:A} :: {uv}\v
Subtyping
EFRR:ful\w EFR<R EFA<A’ EFR:fulw EFR<R EFAtype
EH{RIv:A} < {R|v:A} EF{R|V:A} < R
EFR<R FEenv
EFRWwU < R\u EF{}wu< {}
Equivalence
FEenv EFR:{upvww' EFAA"type
EH{} <>{} EF{{RIV:A}|V:A} <> {{R|V:A}|v:A}
EFR{up\w EFRA{u\v
EFRv<> R

EF{R|v:A}\v<:>R
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EF R <> Ru

EFR:{ul\w EFA:type uzv
EF{R|v:A}\u <> {RW|v:A'}

EF{u}\wv <> {upwv
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Introduction
FEenv EFrR:{up\w EFaA
EF{} : {Jw E+{rlv=a} : {R|v:A}
Elimination
EFrR
EFnru:Rwu EFru:A
Reduction
FEenv EFrR:fulvw' EFaA EFaA' vz2v EF rR:futvw
EH{} -~ {} ErF{{rlv=a}|v=a'} « {{r|v=a’}|v=a} EH{rlv=a&}.v ~ a
FEenv EFrR EFrR
EF {}wu - {} EFnuu - ru EFnu -« nuu
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