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Introduction
[1 Ongoing Experiment:

[1 Use process calculi to model biological systems

[1 Features of process calculi:

[1 Compositional modelling, analysis and simulation of systems.

[1 Potential Benefits:

[1 Understand complex systems by decomposing them into simpler subsystems.
[1 Analyse properties of subsystems using established theory.

[ Predict behaviour of subsystems by running stochastic simulations.

[1 Predict properties and behaviour of composed systems.

[1 Pi-calculus: one of the simplest and most well-studied calculi.
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Outline

[J Graphical Pi-Calculus

[J Gene Regulation by Positive Feedback [Priami et al., 2001]

[1 Abstract Machine for Stochastic Pi-Calculus

[1 Simulator for Stochastic Pi-Calculus
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Graphical Pi-Calculus

[I An intuitive representation for pi-calculus. Like FSMs...

[J But with all the features of pi: compositionality, restriction, communication,

replication.

[1 Should be a 1-1 correspondence between graphics and text

[ NO NEW THEORY
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Graphical Syntax

®’ @: L= ”le"_‘{”'® Restriction : : O Null
TL

® @ Parallel \® Action

Summation T . = X<n> Output

TL
@/ \E,) Replication X(m) | nput
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Graphical Semantics: Restriction

..-

@ mew N\
()

[ Restriction creates a fresh name inside a given process.
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Graphical Semantics: Restriction

{n:=n1}

[1 The name n is replaced with a fresh name n1 that is unknown to Q).
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Graphical Semantics: Communication

@ O

x<n>  x(m

&Y O

[J Two parallel summations can interact on a common channel.
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Graphical Semantics: Communication

@ O

x<n> x(m

&Y O

[ An output z(n) can send a message n on channel x to an input xz(m).
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Graphical Semantics: Communication

@ O

x<n>  x(m
...

[J Message n is assigned to m in process P’.
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Graphical Semantics: Replication

00, A

x<n>  x(m

&Y O

[J A replicated input can spawn a clone of a process.
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Graphical Semantics: Replication

00, 0

x<n> x(m

&Y O

[ An output z(n) can send a message n to a replicated input !z (m).
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Graphical Semantics: Replication

00, A
x<n>  x(m @
@

[I A clone of P is spawned and message n is assigned to m in the clone.
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Trees vs Graphs

[ By definition, a graphical pi process is a tree of nodes:

[1 Links between nodes in the tree can be encoded to represent recursive processes:

[J The result is an arbitrary graph with two kinds of edges.
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lonization: Na+ Cl = Na™ + Cl~

| oni ze<e> | oni ze( X)

dei oni ze(e) dei oni ze<x>
D

[0 Na can ionize CI by sending its electron, with rate 100s~!

0 Cl~ can deionize Na™ by sending its electron, with rate 105!

[] State names are merely annotations
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lonization: Na+ Cl = Na™ + Cl~

| oni ze<e> I oni ze( x)

dei oni ze(e) dei oni ze<x>
D

[0 Na can ionize C1 by sending its electron on the zonize channel
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lonization: Na+ Cl = Na™ + Cl~

| oni ze<e> | oni ze( X)

dei oni ze(e) dei oni ze<e>

@

[0 Na™ is positively charged and Cl™ is negatively charged
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lonization: Na+ Cl = Na™ + Cl~

| oni ze<e> | oni ze( X)

dei oni ze(e) dei oni ze<e>
€

[0 Cl~ can deionize Na™ by sending its electron on the deionize channel
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lonization: Na+ Cl = Na™ + Cl~

| oni ze<e> | oni ze( X)

dei oni ze(e) dei oni ze<x>

-

[0 Na and C1 are no longer charged
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lonization: Na+ Cl = Na™ + Cl~

i oni ze(x)
dei oni ze<x> i oni ze<e>
i oni ze(Xx PP
(x) m dei oni ze(e)

dei oni ze<x>

i oni ze<e> i oni ze(x)

dei oni ze(e) dei oni ze<x>

D

i oni ze<e> A i oni ze<e>
i oni ze( x)

dei oni ze(e) dei oni ze<x> dei oni ze(e)

o

Andrew Phillips - BioConcur 2004

12



lonization: Na+ Cl = Na™ + Cl~

i oni ze(x)
dei oni ze<x> i oni ze<e>
i oni ze(Xx PP
(x) m dei oni ze(e)

dei oni ze<x>

i oni ze<e> i oni ze(x)

dei oni ze(e) dei oni ze<x>

D

i oni ze<e> A i oni ze<e>
i oni ze( x)

dei oni ze(e) dei oni ze<x> dei oni ze(e)

o

Andrew Phillips - BioConcur 2004

12



lonization: Na+ Cl = Na™ + Cl~
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lonization: Na+ Cl = Na™ + Cl~
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Virtual Experiment: Na + Cl = Nat™ + Cl~
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Covalent Bonding: H+ Cl= HC(CI

few e,
shar e<e> shar e( x)
e<> x()
H bound cl _bound

[0 H has a private electron.
0 H can share its electron with CI to form a covalent bond with rate 10051

[0 HC!I can break its private bond with rate 1051
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Covalent Bonding: H+ Cl= HC(CI

shar e<el> shar e( x)
el<> ) x()
\
(H_bound) Cl _bound

[J H has a private electron el that is not accessible from outside.
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Covalent Bonding: H+ Cl= HC(CI

shar e<el> shar e( x)
el<> ) x()
\
(H_bound) Cl _bound

[1 H can share its electron with Cl on the share channel,
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Covalent Bonding: H+ Cl= HC(CI

shar e<el>

el<> )

(Ftbou

nd )

shar e( x)
el()

Cl _bound

[0 H and CI share a private electron, to form HCI.
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Covalent Bonding: H+ Cl= HC(CI

shar e<el> shar e( x)
el<> ) e1()
\
(H_bound) Cl _bound

[0 HCI can break its private bond by synchronising on channel el.
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Covalent Bonding: H+ Cl= HC(CI

shar e<el> shar e( x)
el<> ) x()
\
(H_bound) Cl _bound

[0 H and C1 are no longer bound
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Covalent Bonding: H+ Cl= HC(CI

shar e<e>
e<> x()

shar e<e> shar e( x)
e<> x()
few er.
shar e(x)
x() shar e<e>

shar e<e>
e<>

shar e(x)
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Covalent Bonding: H+ Cl= HC(CI

shar e<el> shar e( x)
el<> x()

W

shar e<e3>

shar e(x) 03<>
A
Ve AN H bound

shar e<e4> shar e(x)
ed<> x()
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Covalent Bonding: H+ Cl= HC(CI

shar e<el> shar e(x)
el<> x()

W

shar e<e3>

shar e(x) 03<>
X() shar e<e2>
Vememnna . N H- bound

shar e<e4> shar e(x)
ed<> x()
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Covalent Bonding: H+ Cl= HC(CI

shar e<el> shar e( x)
el<> e2()

W

shar e<e3>

shar e(x) 03<>
A
D AN H bound

shar e<e4> shar e(x)
e4<> x()
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Covalent Bonding: H+ Cl= HC(CI

shar e<el> shar e( x)
el<> e2()

W

shar e<e3>

shar e(x) 03<>
A
D AN H bound

shar e<e4> share(x)
e4<> x()
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Covalent Bonding: H+ Cl= HC(CI
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Covalent Bonding: H+ Cl= HC(CI
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Virtual Experiment: H + Cl = HC(CI
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Gene Regulation by Positive Feedba

[Priami et al., 2001]

unbi nd

: + degrade
; I —!
degr ade translate translate degr ade
ST T A AANASNL S
a o
RNA A K, -----8 B .7 RNATF
transcribe \\(/ transcribe
AN\N\N\N\N \ AN\N\N\NN
\
DNA A AR DNA TF i

degrade ,---.

ck

- L~

AN AN AN AW AN A
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Gene Regulation

degr ade()

unbi nd<>
bi nd<unbi nd, send, r enove>
rem)v‘e<> degrade()

.

...........

protei n_A()

( pr ot ei n_A<>

transl at e()

transcribe’ ()

degr ade<>
rna_A<> + degrade’ <>
+ transcri be<>

(;) transcri be() + transcribe’ <>
+ transl at e<>

transcribe’ ()

transcri be()

Positive Feedback

unbi nd() renmove()

tall send(tail)
degr ade() Bound_TF renmove()

unbi nd() (:}

bi nd(unbi nd, send, r enpve)

degr ade()
protei n_TF() (:}

//IEET;?h_TF<>

transl at e()

rna_TF<>

degrade’ ()

rna_TF() (:)1

| RNA_TF
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Gene Regulation

degr ade()

unbi nd<>
bi nd<unbi nd, send, r enove>
rem)v‘e<> degrade()

l

...........

protei n_A()

( pr ot ei n_A<>

transl at e()

transcribe’ ()

degr ade<>
rna_A<> + degrade’ <>
+ transcri be<>

Q transcri be() + transcribe’ <>
+ transl at e<>

transcribe’ ()

transcri be()

Positive Feedback

unbi nd() renmove()

tall send(tail)
degr ade() Bound_TF renmove()

unbi nd() O

bi nd(unbi nd, send, r enpve)

degr ade()
protei n_TF() O

/:)rcgte\i n_TF<>

transl at e()

rna_TF<>

degrade’ ()

rna_TF() Oz

| RNA_TF
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Gene Regulation

degr ade()

unbi nd<>
bi nd<unbi nd, send, r enove>
rem)v‘e<> degrade()

.

...........

protei n_A()

( pr ot ei n_A<>
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by Positive Feedback
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tall send(tail)
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Gene Regulation
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Gene Regulation
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Gene Regulation

degr ade()

unbi nd<>
bi nd<unbi nd, send, r enove>
rem)v‘e<> degrade()

.

...........

protei n_A()

( pr ot ei n_A<>

transl at e()

by Positive Feedback

unbi nd()
renove()
aTF

degr ade()

send(tail)

unbi nd()

bi nd(unbi nd, send, r enpve) (:}
degr ade()

protein_A<s protei n_TF()

prot ei n_TF<>
transl at e()

renmove()

transl at e()

i he' degr ade<> i he'
transcribe’ () fna_A<> + degrade’ <> transcribe’ () fna_TF<> -
(;) + transcri be<> (;) degrade’ ()
transcri be + transcribe’ <> transcri be
O + transl at e<> . 0 rna_TF() (:)1
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Gene Regulation
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Gene Regulation
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Gene Regulation

degr ade()

unbi nd<>
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...........
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Gene Regulation by Positive Feedback

renmove()

pend<tatl> unbind() remove()
degr ade()
bi nd<unbi nd, send, r enove> degr ade() Bound_TF
remes” degr ade() | \‘O unbi nd() O)
\O ; send<tail > bi nd(unbi nd, send, r enove)
R S, degr ade()
‘new renover bi nd<unbi nd, send, r enove>
~_"7- ----- . protei n_TF() O
protein_A() remves<> A degr ade() protei n_A<> =
hODNe; rans aten

tail <> .
é unbi nd<> a send(tail)
"ﬁeW unbi na, unbi nd<>
. hew send ; degr ade()

I
lew r enover
pr ot ei n_A<> prot ei n_TF<>

transl at e()

transl at e()

i he' degr ade<> i he'
transcribe’ () fna_A<> + degrade’ <> transcribe’ () fna_TF<>
+ transcri be<> degr ade’ ()
transcri be + transcribe’ <> transcri be
0 + transl at e<> O rna_TF() Oz

| RNA_TF
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Gene Regulation

by Positive Feedback

unbi nd() renmove()

degr ade() tail <> _
unbi nd<> a send(tail)
bi nd<unbi nd, send, renove> degr ade() Bound_TF 0
renove
renpve<> degr ade() unbi nd() ( j
\\(:) j (:)1 bi nd(unbi nd, send, r enove)
ew unbi n, :
e Send. sendi<tai | > degr ade()
A ’ degr ade() ) protei n_TF() (:}
protein_A() unbi nd1<> prot el n_A<>

i nd<unbi nd1, sendl, r enovel>

S
removel<> degr ade()

( pr ot ei n_A<>

transl at e()

~0 ¢

transcribe’ () fna A<>

(;) transcri be()

degr ade<>

+ degrade’ <>
+ transcribe<>
+ transcri be’ <>
+ transl at e<>

transl at e()

I Protein_TF
//IEET;?h_TF<>

transl at e()

transcribe’ () fna TE<>

degrade’ ()

rna_TF() (:)1

| RNA_TF

transcri be()

Pr ot ei ns
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Gene Regulation

by Positive Feedback

unbi nd() renmove()

degr ade() tail <> _
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bi nd<unbi nd, send, renove> degr ade() Bound_TF 0
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renpve<> degr ade() unbi nd() ( j
\O Oz bi nd(unbi nd, send, r enove)
ew unbi n, :
e Send. sendi<tai | > degr ade()
A ’ degr ade() ) protei n_TF() O
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( pr ot ei n_A<>
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Gene Regulation

by Positive Feedback
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Gene Regulation

degr ade()

unbi nd<>
bi nd<unbi nd, send, r enove>
rem)v‘e<> degrade()

.

...........

! new send ! ' i
‘new r enove: sendl<tai |l >
i e degr ade()
protei n_A() unbi nd1<>

- bi nd<unbi nd1, sendl, r enovel>
removel<> degr ade()

( pr ot ei n_A<>

transl at e()
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Abstract Machine for Stochastic Pi-Calculus (SPiM)

[ Formalise how the simulator works (program specification).
[ Prove properties about the simulator (program verification).
[ Give greater confidence in the simulation results.

[J Improve on existing simulators (BioSpi).
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Machine Data Structures

[1 General Machine Term:

[J Syntax Definition:

rnirnsg...

V,U ::

A, B

Restriction
List
Empty

Summeation

Andrew Phillips - BioConcur 2004
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Machine Encoding

[0 Encoding (P):

[P)=Po

[0 Construction (P o V):

ngfm(P) = Po(vnV)
OcA

(P]Q)oA

ngfm(PoA) = (vmP)oA
lt.Po A

(m.P+X)oA

> > > > >

|I>

vn (PoV)

A

PoQoA

v (Pnmy © A)
(m.(P|!m.P)+0)o A
(m.P+X):A
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Machine Execution

0 Reduction (V — V).

VSV o= vV vV

x = Next(A) te()
A = (z(m).P+3)zA = A T PrymyoQoA”
NA" = (x(n).Q + X)) A"
[0 Selection (A = B):
A - A

A=Y A= 32A = YaXoA
A= (7 PP+Y) A= (rP+Y) A = (@ PP+aP+Y):A
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Channel Activity

[0 Choose next channel x = Next(A) by stochastic algorithm [Gillespie, 1977]
[ Gillespie chooses next channel based on activity:

activity = number of possible interactions on a channel

[ In SPiM, activity of channel x in term A:

Act,(A) = (Ing(A) * Out,(A)) — Mix, (A)

[0 Ing(A) = number of unguarded inputs on channel = in A.
[0 Out,(A) = number of unguarded outputs on channel z in A.
[0 Mix,;(A) = sum of In,(33;) x Out,(X;) for each summation 3; in A.
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Gillespie: Choosing the Next Reaction Next(A)
1. Forall z € fn(A) calculate a, = Act,(A) * rate(x)

2. Store non-zero values of ay in a list (z,,a,), where p € 1...M.

M
3. Calculate ag =), _,av

4. Generate two random numbers ny ng € [0, 1] and calculate 7, i such that:

7= (1/ap) In(1/nq)

p—1 %
E a, < noag < E a,
r=1 r=1

5. Next(A) =z, and Delay(A) = .
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Correctness of the Machine

[1 Safety: no runtime errors (no crashes)

Lemma 1. VV.V € SPIMAV — V' = V'’ € SPiM

[0 Soundness: machine only performs valid executions steps (behaves well)

Theorem 1. VV.V e SPIMAV —/— V' = V] — V']

[0 Completeness: machine can perform all execution steps of the calculus

Theorem 2. VP.P € SPiA P ' P' = (P) = (P].

[1 Termination: machine does not loop forever unnecessarily

Theorem 3. VP.PeSPiAP #/— = (P)/
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Correctness of the Machine

[ Duration: reactions in machine and calculus have same average duration

[1 Gillespie algorithm proved correct for selecting next reaction channel.
[1 Also need to ensure that reaction has correct duration
[J E.g. reduction in P; is twice as fast as reduction in Pxy:

[I>

Py " (n).P+x"(n).P|xz"(m).Q
P, & 2"(n).P|z"(m).Q

[1 Sufficient to ensure that machine and calculus have same channel activity.

Proposition 1. VV € SPiM.Act, (V) = Act.([V])

Proposition 2. VP € SPi.Act,(P) = Act,((P))
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Implementation

[J Abstract Machine maps almost directly to program code
[ Implemented a polymorphic type system and type checker

[1 Correctness of the machine gives greater confidence in the simulation results

[1 Demo...
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Conclusion

[ Presented a graphical representation for pi-calculus:

[ Precise, compositional, executable descriptions.
[] Used to model regulatory systems at the molecular level.

[J Presented an abstract machine for the stochastic pi-calculus:

[1 Correctness proof: safety, soundness, completeness, termination, duration.

[1 Maps readily to program code.
[1 Could be used as a basis for implementing new calculi.

[1 Built a simulator based on the machine.

[] Plan to incorporate a graphical editor as a front-end.

Andrew Phillips - BioConcur 2004

28



References

Gillespie, 1977] Gillespie, D. T. (1977). Exact stochastic simulation of coupled
chemical reactions. J. Phys. Chem., 81(25):2340-2361.

Priami et al., 2001| Priami, C., Regev, A., Shapiro, E., and Silverman, W.
&

(2001). Application of a stochastic name-passing calculus to representation

and simulation of molecular processes. Information Processing Letters. in press.

Andrew Phillips - BioConcur 2004 29



Link Encoding

[J Encoding uses restriction, replication, parallel composition and communication.

[J A linked node — a replicated input on a fresh channel x, in parallel with an

output on &

[1 A link to the node — an output on x.

[ Eg:

----- -

ew X
--‘-l'

.
i
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Safety Proof

Lemma 2. VV.V € SPIMAV — V' = V'’ € SPiM

Proof. By Lemma 3, Lemma 4 and by induction on reduction in SPiM. O
Lemma 3. VA € SPiM.A - B = B € SPiM

Proof. By induction on selection in SPiM. O

Lemma 4. VYV.VP.V € SPIMA P € SPi= PoV € SPiM

Proof. By induction on construction in SPiM. O
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Soundness Proof

Theorem 4. VV.V € SPIMAV - V' = [V] — [V']

Proof. By Lemma 5, Lemma 6 and by induction on reduction in SPiM. O
Lemma 5. VA.Ae SPIMAA > B=[A] =|B]

Proof. By induction on selection in SPiM. O

Lemma 6. VV.VP.V € SPIMAP € SPi=[PoV]=P|[V]
Proof. By induction on construction in SPiM. O

[bnV] & wvnlV]
[ = o
[F:A] 2 2|[4]
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Completeness Proof

Theorem 5. VP.P € SPiA P — P' = (P) = (P/).

Proof. By Lemma 7 and by induction on reduction in SPi, where the rule for
parallel composition is expanded over the remaining rules. O

Lemma 7. P=Q = (P)=(Q)]
Proof. By induction on structural congruence in SPi. O

Lemma 8. VV.V e SPIMAU=V AV S V' =3U0.U S UANU =
V/

Proof. By induction on structural congruence in SPiM. O
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Structural Congruence

V==,U=YV

€ (V) = vaV
vrvyV

XA

A=A = X:A
(m.P+7" . P +%):A
A=Y A=s (. P+ Y):A

vyveV

)T IEY.|

YAl
(r'.P'+7.P+Y): A
(m.P+X):: A

Andrew Phillips - BioConcur 2004

34



Termination Proof

Theorem 6. VP.Pe€SPiAP #/— = (P)/

Proof. By Theorem 4 and by basic relationships between encoding and decod-
ing. L
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Graphical Semantics

9)
9)

x<n> X x<n>  x(

3

2R
2R
]

x<n> X x<n>  Xx(

3

3 ® @6

R
R
¢]

[1 Requires some imagination: for substituting names and for cloning graphs.
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Graphical Semantics

9)
9)

x<n> X Xx<n> x(

3

2R
2R
]

x<n> X Xx<n> X (

3

3 e @ 6

R
R
¢]

[1 Output x(n) can send a message to input x(m) on channel z.
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Graphical Semantics

9
9)

x<n> x<n>

X(

3

¢]

Xx<n> Xx<n>

EIC
SRR
2R

R
R
¢]

X(

3

[ n is assigned to m in process P’.
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Graphical Semantics

9)

x<n>

9)

x<n>

X(

=3

¢]

2R

Xx<n>

R

sMclliche

2R

Xx<n>

R
¢]

X(

3

[ Output x(n) can send a message to replicated input lx(m).
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Graphical Semantics

9
9)

x<n> X Xx<n> x(

3

{n/n

Xx<n> X x<n>  x(m

¥ ®

EIC
SRR
EIC
o |d

R

[1 A clone of P’ is spawned and n is assigned to m in the clone of P’

Andrew Phillips - BioConcur 2004

36



Graphical Semantics

9)

X<n> X

Xx<n> X

EIC
SR
EIC

R

[J Replicated output !z(n) can send a message to input

(m

)
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Graphical Semantics

9)

X<n> X

2R

Xx<n> X

R
G0 6

® NG

[1 A clone of P is spawned and n is assigned to m in P’.
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Graphical Semantics

& O |[ o

x<n>  x(m x<n>  x(m e

¢ @l @ o
0\ 0\

x<n>  x(m x<n> x(m

OF @, || &

[1 Replicated output !z(n) can send a message to replicated input lx(m).
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Graphical Semantics

O, O

x<n>  x(m x<n>  x(

®/ n/m}
N

x<n>  x(m x<n>  Xx(

o ‘@, 06/ ‘©

[0 Clones of P and P’ are spawned, and n is assigned to m in the clone of P’

9)

3

{n/n

EIC
)

3
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lonization: Mg+ 2Cl = Mg™ +2C1~

i oni zel<> dei oni ze2() i oni zel()

I oni ze2<>
deil oni ze2<>

My+2

dei oni zel<> dei oni zel() i oni ze2()
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