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Chemical Reactions
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Chemical Reactions

A →r B1 +…+ Bn (n≥0)

A1 + A2 →r B1 +…+ Bn (n≥0)

A + A →r B1 +…+ Bn (n≥0)

Unary Reaction d[A]/dt = -r[A]

Hetero Reaction d[Ai]/dt = -r[A1][A2]

Homeo Reaction d[A]/dt = -2r[A]2

No other reactions!

Exponential Decay 

Mass Action Law

Mass Action Law

Chapter IV: Chemical Kinetics    
[David A. Reckhow , CEE 572 Course]

...  reactions may be either elementary or non-

elementary. Elementary reactions are those 

reactions that occur exactly as they are 

THE COLLISION THEORY OF REACTION 
RATES www.chemguide.co.uk

The chances of all this happening if 

your reaction needed a collision 

involving more than 2 particles are 

(assuming A≠Bi≠Aj for all i,j) 

42008-09-10Luca Cardelli 42008-09-10Luca Cardelli

Trimolecular reactions:

A + B + C →r D

the measured “r” is an (imperfect)

aggregate of e.g.:

A + B ↔ AB

AB + C → D

reactions that occur exactly as they are 

written, without any intermediate steps. These 

reactions almost always involve just one or two 

reactants. ... Non-elementary reactions involve 

a series of two or more elementary reactions. 

Many complex environmental reactions are non-

elementary. In general, reactions with an 

overall reaction order greater than two, or 

reactions with some non-integer reaction order 

are non-elementary. 

involving more than 2 particles are 

remote. All three (or more) particles 

would have to arrive at exactly the 

same point in space at the same time, 

with everything lined up exactly right, 

and having enough energy to react. 

That's not likely to happen very often!

Enzymatic reactions:

S   E  r P

the “r” is given by Michaelis-Menten

(approximated steady-state) laws:

E + S ↔ ES

ES → P + E



The Chemical 
Ground Form (CGF)
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Chemical Ground Form (CGF)

E ::= 0  ⋮ X=M, E    Reagents

M ::= 0  ⋮ p;P ⊕ M   Molecules

P ::= 0  ⋮ X | P       Solutions

p ::= τ(r) ⋮ ?a(r) ⋮ !a(r) Actions (delay, input, output) 

CGF ::= E,P Reagents plus Initial Conditions

⊕ is stochastic choice (vs. + for chemical reactions)
0 is the null solution (P|0 = 0|P = P) 
and null molecule (M⊕0 = 0⊕M = M)

(To translate chemistry to processes we 
need a bit more than interacting 
automata: we may have “+” on the right 

A stochastic 
subset of CCS 

(no values, no restriction)
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A

B

!a

?a ?b

!b

A = !a;A ⊕ ?b;B

B = !b;B ⊕ ?a;A

A|A|B|B

Ex: Interacting Automata 
(= finite-control CGFs: they use “|” only in initial conditions):

Initial 
conditions: 
2A and 2B

Automaton in state A

Automaton in state B

and null molecule (M⊕0 = 0⊕M = M)
Each X in E is a distinct species
Each name a is assigned a fixed rate r: a(r)

need a bit more than interacting 
automata: we may have “+” on the right 
of →, that is we may need “|” after p.)



From CGF to Chemistry
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From CGF to Chemistry (by example)

!a(r)

?a ?a

A

τ
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?a(r) ?a(r)

B

τ(s)

A = !a(r);A ⊕ ?a(r);B

B = ?a(r);A ⊕ τ(s);A



From CGF to Chemistry (by example)

A

B →s A

A  →r A’A’A
τ(r)

!a(r)

?a ?aτ
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B

A = !a;A ⊕ ?a;B

B = ?a;A ⊕ τ(s);A

?a(r) ?a(r)τ(s)



From CGF to Chemistry (by example)

B →s A

A+B →r A+A

A

!a(r)
A

B

A’

B’
?a(r)

A+B →r A’+B’

!a(r)

?a ?aτ
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A+B →r A+A

B

A = !a;A ⊕ ?a;B

B = ?a;A ⊕ τ(s);A

?a(r) ?a(r)τ(s)



From CGF to Chemistry (by example)

B →s A

A+B →r A+A

A

?a(r)
A

A’ A”

!a(r)
A+A →2r A’+A”

!a(r)

?a ?aτ
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A+B →r A+A

A+A →2r A+B

B

A = !a;A ⊕ ?a;B

B = ?a;A ⊕ τ(s);A

?a(r) ?a(r)τ(s)

Double rate for 

homeo reactions



From CGF to Chemistry (by example)

Interacting
Automata

Discrete 
Chemistry

A  � r A’A’A
@r

=

Continuous
Chemistry

Process
Algebra

ODE ODE
#A0A | A | ... | A

initial states initial quantities
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?a
A

B

A’

B’
!a A+B � r A’+B’@r

?a
A

A’ A”

!a
A+A � 2r A’+A”

@r

=

Discrete
Chemistry

Algebra

CTMC CTMC



From CGF to Chemistry: Ch(E)

E.X.i ≝   the i-th
⊕-summand of the 
molecule M 
associated with 
the X reagent of E

E ::= 0  ⋮ X=M, E    Reagents

M ::= 0  ⋮ p;P ⊕ M   Molecules

P ::= 0  ⋮ X | P       Solutions

p ::= τ(r) ⋮ ?a(r) ⋮ !a(r) Interactions

CGF ::= E,P Reagents plus Initial Conditions

=

=

Continuous
Chemistry

Discrete
Chemistry

Process
Algebra

CTMC

ODE ODE

CTMC

Chemical reactions for E,P: (N.B.: <...> are reaction tags to obtain multiplicity of reactions, 
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Ch(E) :=

{({X.i}: X →r P) s.t. E.X.i = τ(r);P} ∪
{({X.i,Y.j}: X + Y →r P + Q) s.t. X≠Y, E.X.i = ?a(r);P, E.Y.j = !a(r);Q} ∪

{({X.i,X.j}: X + X →2r P + Q) s.t. E.X.i = ?a(r);P, E.X.j = !a(r);Q}

Initial conditions for P:

Ch(P) := P

Chemical reactions for E,P: (N.B.: <...> are reaction tags to obtain multiplicity of reactions, 

and P is P with all the | changed to +)



From Discrete to 
Continuous Chemistry
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The “Type System” of Chemistry
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For a given volume of solution V, the volumetric factor γ of dimension M-1 is:

γ : M-1 =  NAV where NA:mol-1 and V:L

#X / γ : M =  concentration of X molecules

γ·[X] : 1 =  total number of X molecules (rounded to an integer).

A continuous chemical system (C,V) is a system of chemical reactions C 

plus a vector of initial concentrations VX: M, one for each species X.

The rates of unary reactions have dimension s-1.

The rates of binary reactions have dimension M-1s-1.
(because in both cases the rhs of an ODE should have dimension M·s-1).



The Gillespie Conversion

Discrete 
Chemistry

Continuous 
Chemistry

A  � r A’ A  →k A’ with k = r

γ = NAV

#A0 [A]0 with [A]0 = #A0/γ

initial quantities initial concentrations

Think γ = 1
i.e. V = 1/NA

V = interaction volume

NA = Avogadro’s number

:s-1

:M-1

M = mol·L-1

molarity (concentration)
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A+B � r A’+B’ A+B →k A’+B’ with k = rγ

A+A � r A’+A” A+A →k A’+A” with k = rγ/2

=

=

Continuous
Chemistry

Discrete
Chemistry

Process
Algebra

CTMC

ODE ODE

CTMC

:M-1s-1

:M-1s-1



Contγγγγ and Discγγγγ
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=

=

Continuous
Chemistry

Discrete
Chemistry

Process
Algebra

CTMC

ODE ODE

CTMC

Chγ := Contγ o Ch



From Continuous
Chemistry to ODEs
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From Reactions to ODEs (Law of Mass Action)

N v1 v2 v3 v4
A -1 -1

B -1 1

C 2 -1 -1

D 1

Write the 
coefficients by 
columns

reactions

sp
ec

ie
s

v1: A+B →k1 C+C

v2: A+C →k2 D

v3: C →k3 E+F

v4: F+F →k4 B

Stoichiometric 
Matrix

A

B C

D

C
k1

k2

=

=

Continuous
Chemistry

Discrete
Chemistry

Process
Algebra

CTMC

ODE ODE

CTMCStoichiometric
matrix

Quantity 
changes
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D 1

E 1

F 1 -2

d[A]/dt = -l1 - l2
d[B]/dt = -l1 + l4
d[C]/dt = 2l1 - l2 - l3
d[D]/dt = l2
d[E]/dt = l3
d[F]/dt = l3 - 2l4

Read the concentration changes 
from the rows

X: chemical species

[-]: quantity of molecules

l: rate laws

k: kinetic parameters

N: stoichiometric matrix

X

sp
ec

ie
s

l
l1 k1[A][B]

l2 k2[A][C]
l3 k3[C]
l4 k4[F]2

d[X]/dt = N⋅⋅⋅⋅l

Set a rate law for each reaction 
(Degradation/Hetero/Homeo)

E.g. d[A]/dt = 
-k1[A][B] - k2[A][C]

B C

EFk4
k3

matrix

Rate laws



From Processes to ODEs via Chemistry!

directive sample 0.03 1000

directive plot A(); B(); C()

new a@1.0:chan new b@1.0:chan new c@1.0:chan

let A() = do !a;A() or ?b; B()

and B() = do !b;B() or ?c; C()

and C() = do !c;C() or ?a; A()

run (900 of A() | 500 of B() | 100 of C())
A B

!a

?c
?a

!b?b

C

!c

@1.0

@1.0

@1.0

900xA, 500xB, 100xC

A = !a(s);A ⊕ ?b(s);B
interval/step [0:0.001:20.0]

(A) dx1/dt = - x1*x2 + x3*x1 0.9

(B) dx2/dt = - x2*x3 + x1*x2 0.5
Matlab
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A = !a(s);A ⊕ ?b(s);B

B = !b(s);B ⊕ ?c(s);C

C = !c(s);C ⊕ ?a(s);A

A+B →s B+B
B+C →s C+C
C+A →s A+A

d[A]/dt = -s[A][B]+s[C][A]
d[B]/dt = -s[B][C]+s[A][B]
d[C]/dt = -s[C][A]+s[B][C]

(B) dx2/dt = - x2*x3 + x1*x2 0.5

(C) dx3/dt = - x3*x1 + x2*x3 0.1

Matlab
continuous_sys_generator

=

=

Continuous
Chemistry

Discrete
Chemistry

Process
Algebra

CTMC

ODE ODE

CTMC



Epidemics

Beyond Chemical Interactions

to Population Interactions
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Kermack, W. O. and McKendrick, A. G. "A Contribution to the Mathematical 
Theory of Epidemics." Proc. Roy. Soc. Lond. A 115, 700-721, 1927. 

http://mathworld.wolfram.com/Kermack-McKendrickModel.html



Epidemics
directive sample 500.0 1000

directive plot Recovered(); Susceptible(); Infected()

new infect @0.001:chan()

val recover = 0.03

let Recovered() =

?infect; Recovered()

and Susceptible() = 

?infect; Infected()

and Infected() =

do !infect; Infected() 

or ?infect; Infected() 

or delay@recover; Recovered()

?infect

Recovered

?infect

Infected

!infect

@recover

Susceptible
?infect

222008-09-10Luca Cardelli 222008-09-10Luca Cardelli

run (200 of Susceptible() | 2 of Infected())
?infect

0

50

100

150

200

250

0 50 100 150 200

Recovered() Susceptible() Infected()



S + I →tg I + I
I →r R

γ=1.0

S = ?i(t);I  
I = !i(t);I ⊕ τ(r);R 
R = 0 

t=0.001 r=0.03
S0=200 I0=2

ODE

S = ?i(t);I

I = !i(t);I ⊕ ?i(t);I ⊕ τr;R

R = ?i(t);R

S + I →tγ I + I
I + I →tγ I + I
I →r R
R + I →tγ R + I

<?xml version="1.0" encoding="UTF-8"?>

<!-- Created by SBML API 2.0(a17.0) -->

<sbml level="2" version="1" xmlns="http://www.sbml.org/sbml/level2" xmlns:celldesigner="http://www.sbml.org/2001/ns/celldesigner">

<model id="test">

<annotation>

<celldesigner:modelVersion>2.5</celldesigner:modelVersion>

<celldesigner:modelDisplay sizeX="600" sizeY="400"/>

<celldesigner:listOfCompartmentAliases/>

<celldesigner:listOfComplexSpeciesAliases/>

<celldesigner:listOfSpeciesAliases>

<celldesigner:speciesAlias id="sa18" species="s9">

<celldesigner:activity> inactive</celldesigner:activity>

<celldesigner:bounds h="25.0" w="70.0" x="36.0" y="152.5"/>

<celldesigner:view state="usual"/>

<celldesigner:usualView>

<celldesigner:innerPosition x="0.0" y="0.0"/>

<celldesigner:boxSize height="25.0" width="70.0"/>

<celldesigner:singleLine width="1.0"/>

<celldesigner:paint color="ffccff66" scheme="Color"/>

</celldesigner:usualView>

<celldesigner:briefView>

<celldesigner:innerPosition x="0.0" y="0.0"/>

<celldesigner:boxSize height="60.0" width="80.0"/>

<celldesigner:singleLine width="0.0"/>

<celldesigner:paint color="3fff0000" scheme="Color"/>

</celldesigner:briefView>

</celldesigner:speciesAlias>

<celldesigner:speciesAlias id="sa19" species="s10">

<celldesigner:activity> inactive</celldesigner:activity>

<celldesigner:bounds h="25.0" w="70.0" x="36.0" y="58.5"/>

<celldesigner:view state="usual"/>

<celldesigner:usualView>

<celldesigner:innerPosition x="0.0" y="0.0"/>

<celldesigner:boxSize height="25.0" width="70.0"/>

<celldesigner:singleLine width="1.0"/>

<celldesigner:paint color="ffccff66" scheme="Color"/>

</celldesigner:usualView>

<celldesigner:briefView>

<celldesigner:innerPosition x="0.0" y="0.0"/>

<celldesigner:boxSize height="60.0" width="80.0"/>

<celldesigner:singleLine width="0.0"/>

<celldesigner:paint color="3fff0000" scheme="Color"/>

</celldesigner:briefView>

</celldesigner:speciesAlias>

<celldesigner:speciesAlias id="sa20" species="s11">

<celldesigner:activity> inactive</celldesigner:activity>

<celldesigner:bounds h="25.0" w="70.0" x="273.0" y="40.5"/>

<celldesigner:view state="usual"/>

<celldesigner:usualView>

<celldesigner:innerPosition x="0.0" y="0.0"/>

<celldesigner:boxSize height="25.0" width="70.0"/>

<celldesigner:singleLine width="1.0"/>

<celldesigner:paint color="ffccff66" scheme="Color"/>

</celldesigner:usualView>

<celldesigner:briefView>

<celldesigner:innerPosition x="0.0" y="0.0"/>

<celldesigner:boxSize height="60.0" width="80.0"/>

<celldesigner:singleLine width="0.0"/>

<celldesigner:paint color="3fff0000" scheme="Color"/>

</celldesigner:briefView>

</celldesigner:speciesAlias>

</celldesigner:listOfSpeciesAliases>

<celldesigner:listOfGroups/>

<celldesigner:listOfProteins/>

<celldesigner:listOfGenes/>

<celldesigner:listOfRNAs/>

<celldesigner:listOfAntisenseRNAs/>

<celldesigner:listOfBlockDiagrams/>

“useless”“useless”
reactions

Cell Designer

SPiM directive sample 500.0 1000

directive plot Recovered(); Susceptible(); Infected()

new infect @0.001:chan()

val recover = 0.03

let Recovered() =

?infect; Recovered()

and Susceptible() = 

?infect; Infected()

and Infected() =

do !infect; Infected() 

or ?infect; Infected() 

or delay@recover; Recovered()

run (200 of Susceptible() | 2 of Infected())

D
if
fe

re
nt
ia
ti
ng

 
Pr
oc

es
se
s!
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S• = -tgSI
I• = tgSI-rI
R• = rI

t=0.001 r=0.03 
S0=200/g
I0=2/g

γ=1.0

I →r R

t=0.001 r=0.03 
S0=200/g
I0=2/g

R + I →tγ R + I

[S]• = -tγ[S][I]
[I]• = tγ[S][I]-r[I]
[R]• = r[I] 

<celldesigner:listOfBlockDiagrams/>

</annotation>

<listOfCompartments>

<compartment id="default"/>

</listOfCompartments>

<listOfSpecies>

<species compartment="default" id="s9" initialAmount="200.0" name="S">

<annotation>

<celldesigner:positionToCompartment> inside</celldesigner:posit ionToCompartment>

<celldesigner:speciesIdentity>

<celldesigner:class>SIMPLE_MOLECULE</celldesigner:class>

<celldesigner:name>S</celldesigner:name>

</celldesigner:speciesIdentity>

</annotation>

</species>

<species compartment="default" id="s10" initialAmount="2.0" name="I">

<annotation>

<celldesigner:positionToCompartment> inside</celldesigner:posit ionToCompartment>

<celldesigner:speciesIdentity>

<celldesigner:class>SIMPLE_MOLECULE</celldesigner:class>

<celldesigner:name>I</celldesigner:name>

</celldesigner:speciesIdentity>

<celldesigner:listOfCatalyzedReactions>

<celldesigner:catalyzed reaction="re26"/>

</celldesigner:listOfCatalyzedReactions>

</annotation>

</species>

<species compartment="default" id="s11" initialAmount="0.0" name="R">

<annotation>

<celldesigner:positionToCompartment> inside</celldesigner:posit ionToCompartment>

<celldesigner:speciesIdentity>

<celldesigner:class>SIMPLE_MOLECULE</celldesigner:class>

<celldesigner:name>R</celldesigner:name>

</celldesigner:speciesIdentity>

</annotation>

</species>

</listOfSpecies>

<listOfReactions>

<reaction id="re25" reversible="false">

<annotation>

<celldesigner:reactionType>STATE_TRANSITION</celldesigner:reactionType>

<celldesigner:baseReactants>

<celldesigner:baseReactant alias="sa19" species="s10">

<celldesigner:linkAnchor position="N"/>

</celldesigner:baseReactant>

</celldesigner:baseReactants>

<celldesigner:baseProducts>

<celldesigner:baseProduct alias="sa20" species="s11">

<celldesigner:linkAnchor position="S"/>

</celldesigner:baseProduct>

</celldesigner:baseProducts>

<celldesigner:connectScheme connectPolicy="direct">

<celldesigner:listOfLineDirection>

<celldesigner:lineDirection index="0" value="unknown"/>

</celldesigner:listOfLineDirection>

</celldesigner:connectScheme>

<celldesigner:line color="ff000000" width="1.0"/>

</annotation>

<listOfReactants>

<speciesReference species="s10">

<annotation>

<celldesigner:alias>sa19</celldesigner:alias>

</annotation>

</speciesReference>

</listOfReactants>

<listOfProducts>

<speciesReference species="s11">

<annotation>

<celldesigner:alias>sa20</celldesigner:alias>

</annotation>

</speciesReference>

</listOfProducts>

<kineticLaw>

<math xmlns="http://www.w3.org/1998/Math/MathML">

<apply>

<times/>

<cn>0.03</cn>

<ci>s10</ci>

</apply>

</math>

</kineticLaw>

</reaction>

<reaction id="re26" reversible="false">

<annotation>

<celldesigner:reactionType>STATE_TRANSITION</celldesigner:reactionType>

<celldesigner:baseReactants>

<celldesigner:baseReactant alias="sa18" species="s9">

<celldesigner:linkAnchor position="N"/>

</celldesigner:baseReactant>

</celldesigner:baseReactants>

<celldesigner:baseProducts>

<celldesigner:baseProduct alias="sa19" species="s10">

<celldesigner:linkAnchor position="S"/>

</celldesigner:baseProduct>

</celldesigner:baseProducts>

<celldesigner:connectScheme connectPolicy="direct">

<celldesigner:listOfLineDirection>

<celldesigner:lineDirection index="0" value="unknown"/>

</celldesigner:listOfLineDirection>

</celldesigner:connectScheme>

<celldesigner:line color="ff000000" width="1.0"/>

<celldesigner:listOfModification>

<celldesigner:modification aliases="sa19" modifiers="s10" targetLineIndex="-1,0" type="STATE_TRANSITION">

<celldesigner:connectScheme connectPolicy="direct">

<celldesigner:listOfLineDirection>

<celldesigner:lineDirection index="0" value="unknown"/>

</celldesigner:listOfLineDirection>

</celldesigner:connectScheme>

<celldesigner:linkTarget alias="sa19" species="s10">

<celldesigner:linkAnchor position="SW"/>

</celldesigner:linkTarget>

<celldesigner:line color="ff000000" width="1.0"/>

</celldesigner:modification>

</celldesigner:listOfModification>

</annotation>

<listOfReactants>

<speciesReference species="s9">

<annotation>

<celldesigner:alias>sa18</celldesigner:alias>

</annotation>

</speciesReference>

</listOfReactants>

<listOfProducts>

<speciesReference species="s10">

<annotation>

<celldesigner:alias>sa19</celldesigner:alias>

</annotation>

</speciesReference>

</listOfProducts>

<listOfModifiers>

<modifierSpeciesReference species="s10">

<annotation>

<celldesigner:alias>sa19</celldesigner:alias>

</annotation>

</modifierSpeciesReference>

</listOfModifiers>

<kineticLaw>

<math xmlns="http://www.w3.org/1998/Math/MathML">

<apply>

<times/>

<cn>0.001</cn>

<ci>s9</ci>

<ci>s10</ci>

</apply>

</math>

</kineticLaw>

</reaction>

</listOfReactions>

</model>

</sbml>

Automata 
produce the 
standard ODEs!

Matlab
continuous_sys_generator

D
if
fe

re
nt
ia
ti
ng

 



?infect

Recovered

?infect

Infected

!infect

@recover

Susceptible
?infect

Simplified Model

S = ?i(t);I

I = !i(t);I ⊕ τr;R

R = 0

S + I →tγ I + I
I →r R

[S]• = -tγ[S][I]

uselessuseless

not useless!

Not totally obvious 
that one could have 
simplified the 
automata model.

242008-09-10Luca Cardelli 242008-09-10Luca Cardelli

?infect [S]• = -tγ[S][I]
[I]• = tγ[S][I]-r[I]
[R]• = r[I] 

Same ODE, hence 
equivalent 
automata models.

directive sample 500.0 1000

directive plot Recovered(); Susceptible(); Infected()

new infect @0.001:chan()

val recover = 0.03

let Recovered() =

()

and Susceptible() = 

?infect; Infected()

and Infected() =

do !infect; Infected() 

or delay@recover; Recovered()

run (200 of Susceptible() | 2 of Infected())

0

50

100

150

200

250

0 50 100 150 200

Recovered() Susceptible() Infected()



Lotka-Volterra

Beyond Simple Automata

to Unbounded State
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Predator-Prey
directive sample 1.0 1000

directive plot Carnivor(); Herbivor() 

val mortality = 100.0

val breeding = 300.0

val predation = 1.0

new cull @predation:chan()

let Herbivor() =

do delay@breeding; (Herbivor() | Herbivor())

or ?cull; ()

and Carnivor() = 

do delay@mortality; ()

or !cull; (Carnivor() | Carnivor())

run 100 of Herbivor()

run 100 of Carnivor()

@breedingHerbivor

Carnivor

?cull

!cull
@predation
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run 100 of Carnivor()

An unbounded 
state system!

@mortality



Lotka-Volterra in Matlab

H = τb; (H|H) ⊕ ?c(p);0

C = τm;0 ⊕ !c(p);(C|C) 

#H0, #C0

H →b H + H
C →m 0
H + C →pg C + C
[H]0 = #H0/g
[C]0 = #C0/g

m=100.0
b=300.0
p=1.0
g=1.0
#H0 = 100
#C0 = 100

directive sample 0.35 1000

directive plot Carnivor(); Herbivor() 

val mortality = 100.0

val breeding = 300.0

val predation = 1.0

new cull @predation:chan()

let Herbivor() =

do delay@breeding; (Herbivor() | Herbivor())

or ?cull; ()

and Carnivor() = 

do delay@mortality; ()

or !cull; (Carnivor() | Carnivor())

run 100 of Herbivor()

run 100 of Carnivor()
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[H]• = b[H]-pg[H][C]
[C]• = -m[C]+pg[H][C]
[H]0 = #H0/g
[C]0 = #C0/g Matlab

continuous_sys_generator

Extinction No extinction

Which one is the “right prediction”?



The Chemical 
Parametric Form (CPF)
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Chemical Parametric Form (CPF)

E ::= X1(p1)=M1, …, Xn(pn)=Mn Reagents (n ≥ 0)

M ::= p1;P1 ⊕ … ⊕ pn;Pn Molecules (n ≥ 0)

P ::= X1(p1) | … | Xn(pn)      Solutions (n ≥ 0)

p ::= τr ?n(p)   !n(p)              Interactions

CPF::= E,P with initial conditions

⊕ is stochastic choice (vs. + for chemical reactions)
0 is the null solution (P|0 = 0|P = P) 
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0 is the null solution (P|0 = 0|P = P) 
and null molecule (M⊕0 = 0⊕M = M) (t0;P = 0)  

Xi are distinct in E, p are vectors of names
p are vectors of distinct names when in binding position
Each free name n in E is assigned a fixed rate r: 

written either n(r), or rCPF(n)=r.

A translation from CPF to CGF exists 
(expanding all possible instantiation of parameters from the initial conditions)

An incremental translation algorithm exists
(expanding on demand from initial conditions)

Not bounded-state systems.

Not finite-control systems.

But still finite-species systems.



From CPF to CGF
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CPF to CGF: Handling Parameters

Consider first the CPF subset with no communication (pure ?n, !n).

E ::= X1(p1)=M1, …, Xn(pn)=Mn

M ::= p1;P1 ⊕ … ⊕ pn;Pn
P ::= X1(p1) | … | Xn(pn) 

p ::= τr ?n   !n/(p1;P1 ⊕ … ⊕ pn;Pn) =def p1;/(P1) ⊕ … ⊕ pn;/(Pn)

/(X1(p1) | … | Xn(pn)) =def X1/p1 | … | Xn/pn

Grounding (replace parameters with constants)
where X/p is a name in bijection with <X,p> 
(each X/p is seen as a separate species)

Let N be the set of free names occurring in E.
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EG is a CGF! To obtain the chemical reactions Cpγ(E), just compute Chγ(EG)

EG := {(X/q = /(M{p←q})) s.t. (X(p) = M) ∈ E and q ∈ N#p}

PG := /P                  (simply ground the given initial conditions once)

Let N be the set of free names occurring in E.

EG is the Parametric Explosion of E (still a finite species system) 
computed by replacing parameters with all combinations of free names in E

Cpγ(E,P) = Chγ(EG,PG)           the chemical system of a CPF



CPF to CGF: Handling Communication

/N(τr;P) = τr; /N(P)

/ (!n (p);P) = !n/p ; / (P)

E ::= X1(p1)=M1, …, Xn(pn)=Mn

M ::= p1;P1 ⊕ … ⊕ pn;Pn
P ::= X1(p1) | … | Xn(pn) 

p ::= τr ?n(p) !n(p)

Grounding (replace parameters with constants)
just one main change: now also convert each input parameter 
into a ground choice of all possible inputs

N is the set of free names in E,P 

#p is the length of p
n/p is a name in bijection with <n,p>

X/p is a name in bijection with <X,p> 

(each X/p is seen as a separate species)
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/N(!n(r)(p);P) = !n/p(r); /N(P)

/N(?n(r)(p);P) = ⊕(q∈N#p) of ?n/q(r); /N(P{p←q})

/N(p1;P1 ⊕ … ⊕ pn;Pn) = /N(p1;P1) ⊕ … ⊕ /N(pn;Pn)

/N(X1(p1) | … | Xn(pn)) = X1/p1 | … | Xn/pn

EG is a again a CGF!EG := {(X/q = /N(M{p¬q})) s.t. (X(p) = M) ∈ E and q ∈ N#p}

PG := /N(P)                  (simply ground the given initial conditions once)

EG is again the Parametric Explosion of E

Cpγ(E,P) = Chγ(EG,PG)           the chemical system of a CPF



CPF Example:
Gene Networks
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directive sample 50000.0 1000

directive plot !a; !b; !c

val dk = 0.001    (* Decay rate *)

val inh = 0.001   (* Inhibition rate *)

val cst = 0.1     (* Constitutive rate *)

let tr(p:chan()) = do !p; tr(p) or delay@dk

let neg(a:chan(), b:chan()) =

do ?a; delay@inh; neg(a,b)

or delay@cst; (tr(b) | neg(a,b))

val bnd = 1.0 (* Protein binding rate *)

new a@bnd:chan() new b@bnd:chan() new 
c@bnd:chan()

run (neg(c,a) | neg(a,b) | neg(b,c))

SPiM

A fine stochastic oscillator over 
a wide range of parameters.

And Yet It Moves

Neg(a,b) = ?a; Inh(a,b) ⊕ τe; (Tr(b) | Neg(a,b))

Inh(a,b) = τh; Neg(a,b)

Tr(b) = !b; Tr(b) ⊕ τ ; 0

d[Neg/x,y]/dt = -r[Tr/x][Neg/x,y] + h[Inh/x,y]
d[Neg/y,z]/dt = -r[Tr/y][Neg/y,z] + h[Inh/y,z]
d[Neg/z,x]/dt = -r[Tr/z][Neg/z,x] + h[Inh/z,x]
d[Inh/x,y]/dt = r[Tr/x][Neg/x,y] - h[Inh/x,y]
d[Inh/y,z]/dt = r[Tr/y][Neg/y,z] - h[Inh/y,z]

Neg Neg

Negx z

y

The Repressilator

Parametric representation

Neg(a,b) !b
?a

Inh(a,b)

τ(h)

Tr(b)

τ(d)

τ(e)

R.Blossey, L.Cardelli, A.Phillips:
Compositionality, Stochasticity and 
Cooperativity in Dynamic Models of 
Gene Regulation (HFSP Journal)
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run (neg(c,a) | neg(a,b) | neg(b,c))

Tr(b) = !b; Tr(b) ⊕ τg; 0

Neg(x(r),y(r)) | Neg(y(r),z(r)) | Neg(z(r),x(r))

Neg/x,y →e Tr/y + Neg/x,y

Neg/y,z →e Tr/z + Neg/y,z

Neg/z,x →e Tr/x + Neg/z,x

Tr/x + Neg/x,y →r Tr/x + Inh/x,y

Tr/y + Neg/y,z →r Tr/y + Inh/y,z

Tr/z + Neg/z,x →r Tr/z + Inh/z,x

Inh/x,y →h Neg/x,y

Inh/y,z →h Neg/y,z

Inh/z,x →h Neg/z,x

Tr/x →g 0

Tr/y →g 0

Tr/z →g 0

Neg/x,y + Neg/y,z + Neg/z,x

d[Inh/y,z]/dt = r[Tr/y][Neg/y,z] - h[Inh/y,z]
d[Inh/z,x]/dt = r[Tr/z][Neg/z,x] - h[Inh/z,x]
d[Tr/x]/dt = e[Neg/z,x] - g[Tr/x]
d[Tr/y]/dt = e[Neg/x,y] - g[Tr/y]
d[Tr/z]/dt = e[Neg/y,z] - g[Tr/z]

d[Neg/x,y]/dt = hN – (h+r[Tr/x])[Neg/x,y]
d[Neg/y,z]/dt = hN – (h+r[Tr/y])[Neg/y,z]
d[Neg/z,x]/dt = hN – (h+r[Tr/z])[Neg/z,x]
d[Tr/x]/dt = e[Neg/z,x] - g[Tr/x]
d[Tr/y]/dt = e[Neg/x,y] - g[Tr/y]
d[Tr/z]/dt = e[Neg/y,z] - g[Tr/z]

simplifying (N is the quantity 
of each of the 3 gates)

interval/step [0:10:20000] N=1, r=1.0, e=0.1, h=0.001, g=0.001

(Neg/x,y) dx1/dt = 0.001 – (0.001 + x4)*x1 1.0

(Neg/x,y) dx2/dt = 0.001 - (0.001 + x5)*x2 1.0

(Neg/x,y) dx3/dt = 0.001 - (0.001 + x6)*x3 1.0

(Tr/x) dx4/dt = 0.1*x3 - 0.001*x4 100.0

(Tr/y) dx5/dt = 0.1*x1 - 0.001*x5 0

(Tr/z) dx6/dt = 0.1*x2 - 0.001*x6 0

Matlab
continuous_sys_generator

Analytically not 
an oscillator!



CPF to CGF Iterative Algorithm. Ex: Neg(x,x)
E =

Neg(a,b) = ?a; Inh(a,b) ⊕ te; (Tr(b) | Neg(a,b))

Inh(a,b) = th; Neg(a,b)

Tr(b) = !b; Tr(b) ⊕ td; 0

Neg(x,x)

----- initialization -----

Ec:= {Neg/x,x = ?x; Inh/x,x ⊕ te; (Tr/x | Neg/x,x)}

----- iteration 1 -----

C := {Neg/x,x →e Tr/x + Neg/x,x }

Ec:= {Neg/x,x = ?x; Inh/x,x ⊕ te; (Tr/x | Neg/x,x)

Tr/x = !x; Tr/x ⊕ t ; 0}

----- iteration 3 -----

C := { Neg/x,x →e Tr/x + Neg/x,x

Tr/x →d 0

Tr/x + Neg/x,x →r(x) Tr/x + Inh/x,x

Inh/x,x →h Neg/x,x}

Ec:=  no change

----- termination -----

Neg/x,x →e Tr/x + Neg/x,x

Tr/x →d 0

Tr/x + Neg/x,x →r(x) Tr/x + Inh/x,x

Inh/x,x →h Neg/x,x
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Tr/x = !x; Tr/x ⊕ td; 0}

----- iteration 2 -----

C := { Neg/x,x →e Tr/x + Neg/x,x

Tr/x →d 0

Tr/x + Neg/x,x →r(x) Tr/x + Inh/x,x }

Ec:= {Neg/x,x = ?x; Inh/x,x ⊕ te; (Tr/x | Neg/x,x)

Tr/x = !x; Tr/x ⊕ td; 0

Inh/x,x = th; Neg/x,x}

Inh/x,x →h Neg/x,x

Neg/x,x



Laws by ODEs
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Choice Law by ODEs

A = τλ;B ⊕ τµ;B A = τλ+µ;B

A A

B

B
B

τλ

τµ

τλ+µ

τλ;B ⊕ τµ;B = τλ+µ;B
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A→λ+µ BA→λ B
A→µ B

[A]• = -λ[A] - µ[A]
[B]• = λ[A] + µ[A] 

[A]• = -(λ+µ)[A]
[B]• = (λ+µ)[A] =



A
?c

BC

!c

A = ?c;B

C = !c;C
directive sample 6.0 1000

directive plot A()

Idle Interaction Law by ODEs

A

?c
?c

BC

!c

A = ?c;A ⊕ ?c;B

C = !c;C

It may seem like A should 
decrease half as fast, 
but NO! Two ways to explain:

-State A is memoryless
of any past idling.

- Activity on c is double
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A+C →rB+C

[A]• = -r[A][C]
[B]• = r[A][C] 
[C]• = 0

directive plot A()

new c@1.0:chan

let A() = ?c; B()

and B() = ()

and C() = !c; C()

run (C() | 1000 of A())

0
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A()

A+C →rA+C
A+C →rB+C

[A]• = -r[A][C]
[B]• = r[A][C] 
[C]• = 0

0

200

400
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800

1000

1200

0 1 2 3 4 5 6

A()

directive sample 6.0 1000

directive plot A()

new c@1.0:chan

let A() = do ?c; B() or ?c; A()

and B() = ()

and C() = !c; C()

run (C() | 1000 of A())



Stochastic Interleaving

directive sample 4.0 10000

directive plot A(); B(); C(); D()

let A() = delay@1.0; B()

and B() = ()

let C() = delay@2.0; D()

and D() = ()

run 1000 of (A() | C())

τλ;B | τµ;D =  τλ;(B | τµ;D) ⊕ τµ;(τλ;B | D)

Hermanns: Interactive 
Markov Chains. Sec 4.1.2  

BD

A1C1

@1.0
A1 B

C1 D

[A1]0=1000

[C1]0=1000

@2.0

Ex: λ=1.0, µ=2.0
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directive sample 4.0 10000

directive plot 

?YA; B(); ?YC; D(); Y(); A(); C()

new YA@1.0:chan new YC@1.0:chan

let A() = do delay@1.0; B() or ?YA

and B() = ()

let C() = do delay@2.0; D() or ?YC

and D() = ()

let Y() = 

do delay@1.0; (B() | C()) 

or delay@2.0; (A() | D())
or ?YA or ?YC

run 1000 of Y()
Amazingly, the B’s and the D’s from the two 
branches sum up to exponential distributions

BD

Y+A2Y+C2

[C1]0=1000

@1.0

@2.0

Y

A2

B

C2

D

[Y]0=1000

@1.0

@2.0



Stochastic Interleaving Law by ODEs

τλ;B | τµ;D = τλ;(B | τµ;D) ⊕ τµ;(τλ;B | D)

A1 = τλ;B

C1 = τµ;D

nxA1 | nxC1

Y = τλ;(B | C2) ⊕ τµ;(A2 | D)

C2 = τµ;D

A2 = τλ;B

nxY

Y →λ B + C2

Y →µ A2 + D
C2 →µ D
A2 →λ B
[Y] = n/γ

A1 →λ B
C1 →µ D
[A1]0 = [C1]0 = n/γ

[Y]• = -λ[Y]-µ[Y]
[A2]

• = µ[Y]-λ[A2]
[B]• = λ[Y]+λ[A2]
[C2]

• = λ[Y]-µ[C2]
[D]• = µ[Y]+µ[C ]

Want to show that B and D 
on both sides have the 
“same behavior” (equal 
quantities of B and D 
produced at all times)

0
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2

[Y]0 = n/γ
2 2

[D]• = µ[Y]+µ[C2]

[A1]
• = -λ[A1]

[B]• = λ[A1] 
[C1]

• = -µ[C1] 
[D]• = µ[C1]

[Y+A2]
• = [Y]•+[A2]

•

= -λ[Y]-µ[Y]+µ[Y]-λ[A2]
= -λ[Y]-λ[A2]
= -λ[Y+A2]     [Y+A2] decays exponentially!

[Y+A2]
• = -λ[Y+A2]

[B]• = λ[Y+A2]
[Y+C2]

• = -µ[Y+C2]
[D]• = µ[Y+C2]

=?

[B] and [D] have equal time evolutions on the two sides provided that [A1]=[Y+A2] and [C1]=[Y+C2]. 

Moreover we have [A1]0 = [C1]0 = [Y]0 = n/γ and [A2]0 = [C2]0 = 0 since only Y is present on the 
r.h.s., so that [A1]0 = [Y+A2]0 and [C1]0 = [Y+C2]0. Similarly [B]0 = [D]0 = 0. 

Therefore the final ODEs have the same initial conditions for all variables, and have the same 
relationships between variables, and in particular between [B] and [D].

So, for example, if we run a stochastic simulation of the left hand side with 1000*A1 and 1000*C1, we obtain the 
same curves for B and D than a stochastic simulation of the right hand side with 1000*Y.

0



Conclusions
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Conclusions

● From Processes to ODEs

o A way of relating automata-like models to 

classical ODE-based models

o A way of investigating difference between 

discrete (stochastic) and continuous semantics

o A compositional language (CPF) for describing 
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o A compositional language (CPF) for describing 

systems of ODEs


